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PREFACE 


The theory of interpolation is a subject which has progressed 
more slowly than many other branches of mathematics. The reason 
for this is not far to seek. The practical computer finds himself suffi- 
ciently occupied with the carrying out of lengthy calculations, and 
would rather leave it to the mathematician to provide the neces- 
sary tools for these calculations. The mathematician, on the 
other hand, while undoubtedly interested in the question of expand- 
ing functions in interpolation-series, prefers looking at the ques- 
tion from the point of view of expansion in infinite series; but these 
are of no use to the computer who only wants the first few terms of 
the series and limits to the error committed. The result is, in many 
cases, that the class of expansion which is most interesting from the 
point of view of the mathematician, is the least useful to the com- 

}puter. Yet a collaboration between the two is necessary in order to 
obtain satisfactory results. 

3 At present, a non-rigorous point of view is dominant in most 
text-books on interpolation. Formulas and methods are de- 
veloped on the assumption that the function under consideration 
is a polynomial, and thereafter applied to functions which are 
certainly not polynomials. No distinction is made between the 
operation of calculating the value of a function previously defined, 
and that of inserting values in an interval where the function is not 
defined. Thus the profound difference between a proved fact and 
an hypothesis is ignored. 

Attempts. have been made, now and then, to present the subject 
of interpolation adopting the point of view that only such approxi- 
mative formulas are to be included for which it is possible to derive 
a remainder-term simple enough to permit the calculation of limits 
to the error involved in the formula. The earliest and most con- 
spicuous of these attempts is due to Markoff (“Differenzenrech- 
nung,” Leipzig 1896). Without in the least characterizing these 
attempts as failures, it may be said that the results they contain are 
too incomplete to enable the computer to do with them alone. 
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As long as a vast number of the most efficient working formulas 
were not provided with remainder-terms, it was not to be expected 
that the new point of view would be welcomed by those for whom 
it was intended. 

The number of formulas with workable remainder-terms has 
lately increased so much, that although further development is 
still possible and desirable, a fresh, attempt should be made at 
writing a text-book on the aforesaid lines. This book owes its 
existence to the lectures the author has in recent years given to 
actuarial students at the University of Copenhagen, and is, with a 
few additions and simplifications, a translation of the Danish edi- 
tion published in 1925. I wish it to be understood that the book is 
meant as a text-book, and not as a hand-book or encyclopedia on 
the subject. To carry through with consistency the point of view 
which appears to me to be the only tenable one, has been my prin- 
cipal aim. References to the literature on the subject have there- 
fore only occasionally been inserted; but the reader who requires a 
synopsis of what has been written on finite differences, will have an 
excellent guide in the list of literature appended to Professor N. E. 
Norlund’s book ‘“Differenzenrechnung” (Berlin, 1924). 

The mathematical equipment required in order to master the book 
is very small. A knowledge of the first principles of the differential 
and integral calculus should be sufficient. In one or two places a 
knowledge of the theory of the Gamma-Function has been as- 
sumed; but these paragraphs, which have been printed in smaller 
type, have no organic connection with the rest, and may be left out 
without damage to the context. The last section of the book, 
§21, contains some auxiliary theorems of elementary mathematics, 
and may be read independently of the rest. 

The numerical examples have been selected in such a way that 
they are thought sufficient for illustrating the methods in all cases 
where the application is not quite obvious. They have not been 
chosen with a view to taxing the methods to the utmost, but, as 
should be the case in a text-book, rather with a view to avoiding 
heavy numerical work which would deter the student from going 
through the examples by himself. With a table of logarithms, 
with Barlow’s ‘“Table of Squares, etc.,” and a product-table such 
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as Crelle’s or, still better, Tsuneta Yano’s,! the reader will be 
amply equipped for the calculations occurring in the book, although 
an arithmometer, if at hand, is most useful. 

It has, on many occasions, been difficult to find suitable names 
for the formulas. If the truth be told, most of the formulas of 
the theory of interpolation should be called ‘‘Newton’s formula,” 
as appears from ‘‘Methodus Differentialis’ and other writings 
of this great mathematician. But practical considerations have 
taken the place of the historical ones, and I have therefore retained 
the names by which the formulas usually go (Stirling, Bessel, 
Cotes, etc.). 

I wish to acknowledge my indebtedness to Mr. Arthur Stevenson 
of the University of Toronto, Canada, who has helped me to polish 
up the English of my translation. My thanks are also due to The 
Williams & Wilkins Company for meeting my wishes with respect 
to the publication of this work. 

J. F. STEFFENSEN. 

Copenhagen, November, 1925. 


1 Published by: The First Mutual Life Insurance Company, Tokyo, Japan. 
This table contains in small book-form the same information as Crelle’s 
table. 
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§1. Introduction 


1. The theory of interpolation may, with certain reservations, 
be said to occupy itself with that kind of information about a func- 
tion which can be extracted from a table of the function. If, for 
certain values of the variable x, 1, a, ... , the corresponding 
values of the function f(xo), f(x), f(a), . . . are known, we may 
collect our information in the table 


Zo f (xo) 
a f (a1) 
L2 f (x2) 


and the first question that occurs to the mind is, whether it is pos- 
sible, by means of this table, to calculate, at least approximately, 
the value of f(z) for an argument not found in the table. 

It must be admitted at once, that this problen—“‘interpolation”’ 
in the more restricted sense of the term—cannot be solved by means 
of these data alone. The table contains no other information than 
a correspondence between certain numbers, and if we insert another 
argument x and a perfectly arbitrarily chosen number f(x) as corre- 
sponding to that argument, we in no way contradict the information 
contained in the table. 

2. It follows that, if the problem of interpolation is to have a 
definite, even if approximate, solution, it is absolutely indispensable 
to possess, beyond the data contained in the table, at least a certain 
general idea of the character of the function. In practice, it is a 
very general custom to derive formulas of interpolation on the 
assumption that the function with which we have to deal is a poly- 
nomial of a certain degree. The formula will, then, produce exact 
results if applied to a polynomial of the same or lower degree; but 
if it is applied to a polynomial of higher degree or to a function which 
is not a polynomial, nothing whatever is known about the accuracy 
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obtained. In order to justify the application to such cases, it is 
customary to refer to the fact that most functions can, at least 
within moderate intervals, be approximated to by polynomials of a 
suitable degree. But this is only shirking the real difficulty; for 
if we have to deal with a numerical calculation, it is not sufficient to 
know that an approximation is obtainable; what we want to know, 
is how close is the approximation actually obtained. 

3. A more fertile assumption, the correctness of which can often 
be ascertained, is that f(x) possesses, in a certain interval, a con- 
tinuous differential coefficient of a certain order k. It will be 
shown later, that any such function can be represented as the sum 
of a polynomial and a “‘remainder-term” which is of such a simple 
nature, that if two numbers are known between which the differ- 
ential coefficient of order *& is situated, we can find limits to the 
error committed by neglecting the remainder-term in the inter- 
polation. 

In order to avoid having continuously to revert to the question of 
the assumptions made about f(z), let it be stated here once and 
for all, that f(x), where nothing else is expressly said, means a real, 
single-valued function, continuous in a closed interval, say 
a <x Sb, and possessing in this interval a continuous differential 
coefficient of the highest order of which use is made in deriving 
each formula under consideration. If this order be k, f**” (z) 
need not exist at all; much less is there any necessity for assuming 
that f(z) is a polynomial or at least an analytical function. 

Making such liberal assumptions about f(x), we will, nevertheless, 
be able to solve, in a simple and satisfactory manner, not only the 
interpolation problem in the restricted sense, but a great number 
of problems of a similar nature, which, taken together, form the 
contents of the theory of interpolation in the wider sense of the 
word. 

4. While I assume that the reader is familiar with the notion 
of a “continuous function” and with the definitions of a differential 
coefficient and an integral, I make otherwise little use of analysis 
in this book. Two theorems belonging to elementary mathematical 
analysis are, however, so frequently referred to, that I find it prac- 
tical to state them here, together with their proofs: 

1. Rolle’s Theorem. If f(z) is continuous in the closed interval 
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a< 2 <b and differentiable in the open interval a< x <b, and 
if f(a) = f(b) = 0, it is possible to find at least one point ¢ inside 
the interval, such that 


AE) ea (a<&<b). 


Proof. If f(x) is not identically zero in the interval (in which 
case the theorem is obvious), let m and M be the smallest and 
largest values it attains. As f(x) is a continuous function, at least 
one of these values must be attained for some argument £é situated 
between a and 0, as f(a) = f(b). For this value — we must have 
f'(é = 0, as otherwise f(x) would be increasing or decreasing in the 
neighbourhood of £ and assume values larger and smaller than f(£) 
which is impossible. 

2. The Theorem of Mean Value. Let f(x) and ¢(x) be integrable 
functions of which f(z) is continuous in the closed interval a<z Sb, 
while ¢(x) does not change sign in the interval. There exists, then, 
at least one point & inside the interval such that 


b b 
f f@eldr =f) fede @<t<d. 


Proof. Let ¢(x) be positive (otherwise we may consider — ¢(z)), 
and let m<f(z) <M. Then 


b b b 
m | g(x)dz< [soled oS val o(x)dz. 


There must, therefore, exist a number yp, intermediate between m 
and M, such that 


b b 
tf AOD it AONE 


and as f(z) is continuous, » may be replaced by f(é). 

The Theorem of Mean Value is easily extended to double in- 
tegrals and to sums; we need not go into details. 

Occasionally use has been made of results, borrowed from the 
theory of the Gamma-Function;! but the student who is not familiar 


1See, for instance, Whittaker and Watson: Modern Analysis, third ed., 
Chapter XII. 
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with that function can, without any inconvenience, leave out those 
paragraphs, which have, therefore, been printed in smaller type. 

5. Finally, we make considerable use of a simple theorem, be- 
longing to the theory of series. Let us put 


S20 Ree, (2) 
0 
an equation which serves to define Ra4.:, if S, Uo, Ui,... Us 
are given. But we may also look upon (2) as an expansion for 
S with its remainder-term R,+.. In that case, let the first non- 
vanishing term after U, be U,4.s. We have, then, 


Tene SU eee asin ate iis (3) 


From this is immediately seen, that if R,,:1 and Ra;.41 have 
opposite signs, then U, + , must have the same sign as R, +1 and 
be numerically larger. This theorem, to which we shall refer as 
the Error-Test, expresses, then, that if R, 4, and R, 4.41 have 
opposite signs, then the remainder-term ~is numerically smaller than 
the first rejected, non-vanishing term, and has the same sign. 

It would seem at first, that nothing much is gained by this theorem, 
as properties of the remainder-term are expressed by other proper- 
ties belonging to the same; but we shall see later on that the sign 
of the remainder-term can often be easily determined by means of 
the known properties of the function to be developed, so that the 
theorem is of considerable practical value. 

It may be noted that it is also seen from (3) that the condition 
that the two remainder-terms shall have opposite signs, is not only 
sufficient but also necessary, in order that the theorem shall hold. 


§2. Displacement-Symbols and Differences. 


6. Inthe theory of interpolation it is convenient to make use of 
certain symbols, denoting operations. Some of these symbols are 
important analogues of the symbols, known from the differential 
and integral calculus, denoting differentiation and integration. 

In dealing with finite differences, we must first mention the 
symbol of displacement E*. If this symbol is prefixed to a function 
J(x) or, as we shall say for brevity, if H* is applied to f(z), we mean, 
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that f(x) is changed into f(z + a). We have therefore, according 
to definition, 
Ee f(x) = f@ +). 

The letter a stands for any real number (positive, zero or nega- 
tive). Wehave evidently H® =1. Ifa = 1, the exponent is usually 
left out, so that H = FE’. 

The practical utility of the displacement-symbol depends on the 
fact that it obeys certain fundamental laws, and that it is in several 
respects permissible to operate with it, as if it were a number. 

Thus, this symbol possesses the distributive property which is ex- 
pressed in the equation 

Ee (f(x) + ¢ (@)] = E* f(x) + E+ 9 @). 
According to this relation, the correctness of which is obvious, the 
symbol #* can be applied to the sum of two functions by applying 
it to each of the functions separately and adding the result. 

Two displacement-symbols are said to be “multiplied” with each 
other, if one is applied after the other to the same function. In 
this respect, too, these symbols resemble numbers, as the order in 
which the ‘factors’ are taken is immaterial. It is, for instance, 
evident that 

E* EP f(x) = E> E* f(z). 

This property is called the commutatwe property; it also holds 

with respect to a constant k, as 


Eek {ay =k EL f@). 
The “exponents” a, b, etc., resemble real exponents in that 
Ee BP f(z) = Ee +? f(@); 
in words, we shall say that the displacement-symbol obeys the 
index law. It follows that the nth power of the symbol denotes the 
operation repeated n times. 


The product of two displacement-symbols (H* H*) may be looked 
upon as a single operation H*+?, and it is easily seen that 


(Ee E) He f(x) = Ee (EP He) f(@), 


a relation which expresses the so-called assoczative property, another 
property which our symbol has in common with numbers. 
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A linear function of displacement-symbols, and consequently any 
polynomial in such symbols, may be considered as an operation, 
e.g. = 


(k Ee + hE’) fic) =k E* f(z) + hE f(a), 


and this operation has, like the displacement-symbol itself, the dis- 
tributive, commutative and associative properties. The compo- 
nent parts of the compound operation possess the same properties; 
thus 


(k Ee + hE) f@) = (Eh + Eek) fa). 


The reader will, finally, easily ascertain that two linear functions 
of displacement-symbols can be multiplied together according to 
ordinary rules, for instance 


(k Ee + hE) (LE + m E*) f(x) 
= (kl Ho +¢+hl E®+¢ + km E* +4 + hm E? + 4) f(z). 


It follows from all these properties, taken together, that poly- 
nomials in displacement-symbols can be formed according to the same 
rules as are valid for numbers. 

On the other hand it is necessary to call attention to the fact, 
that while division with H* may without ambiguity be interpreted 
as multiplication with H-, it is not yet allowed to divide by a 
polynomial in displacement-symbols, nor is it permitted to employ 
infinite series of such symbols. The examination of these questions 
follows in §18. 

In many cases where confusion is not to be feared, the expression 
of the function f(x) is left out, and the calculation performed with 
the symbols alone. In that case we write, for instance, k + Hs 
instead of kK f(x) + f(x + a). This often means a considerable 
economy in writing. 

In dealing with functions of two or more variables (or functions) 
it is often necessary to introduce symbols each acting on one of the 
variables (or functions) and not on the others. These symbols must 
then be distinguished from each other, e.g., by denoting them by 
Ey, Eq, etc. After what has been said, the reader will have no 
difficulty in satisfying himself that polynomials in EH} and Ej, can 
be formed as if H7 and E'?, were numbers. 
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7. The simplest, and at the same time most important, linear 
functions of displacement-symbols are the dafferences. In particu- 
lar, we note the three kinds of differences defined by the equations 


Af(@e) =f@+) —-f(a) | 
Vie) = fe) —f@—1) (1) 
if(z) = f(x + 3) — fle — 3) 


or, in symbolical form, 


A=E-1 
V=1-E£4 (2) 
6=f-E-, 


They are called respectively the descending, the ascending and 
the central difference. The reason for this is made clear by a con- 
sideration of the following three “‘difference-tables.”” In these, the 
numerical values are the same in corresponding places in all the three 
tables, so that only the notation differs. 


n f(n) A Xe As At 
-2 i(-2) > 
e ft) | Bay | a | aay |, 
gfe? | AG? | re | ER | aren 
afl) 
2 7(2) 
hed f(n) Vv Vv? v3 v4 
Re AD (cies 
0 fo | VO | vay | VY | vyey 
it LO Sa ee eiOym iy ale: 
vf(2) 
2 f(2) 
n f(n) 6 & 53 54 
-2 f(-2 = 
-1 Tt ee ese ere 
0 | ro) tO alee wel ces) 
1 fa) afd a7f(1) ; 
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It is seen that f(n), Af(n), Atf(m), .... for constant n, are 
always found on the same descending line, f(n), Vf(n), V?f(n), 
. on the same ascending line, while f(n), s(n), df(n)... 
are found on a horizontal line, the same applying to éf(n + 4), 
df(m + 3), Of(n + 3),..- 
8. The three kinds of differences are analogous to the symbol 
of differentiation D, defined by Df(x) = f'(x). We introduce the 
three polynomials of degree n : 


m™=a7(~-—1)...(a&@—n+1) 
e-=27(r+1)...@+n—-) = (—1)*(-—2)™ 


(ol ue = ; ee ) 3 
x o(e+2 1)(2+% eae sett (3) 


n (n — 1) 
=x(e+%- 1) 


They are called respectively the descending, the ascending and 
the central factorial. For n = 0 we assign to them the value 1 
(which is also obtained if they are expressed by Gamma-Functions). 
For n > 0 they all contain x as a factor, and therefore vanish for 
x = 0. We now find 


Az” me (x + 1)™ =a a) 
=2™-D[(e+1)—-(#-—n+1)] 


= ngn-; 
further 
V2) = 2") — (4 — 1)-” 
ee et? et te Lo 1) 
=nr-*+); 
finally 
seo +(e Pot @—p(et*st-1)"™ 


= (2+" Wty [@+H) (2 +") -@-p (2-")| 
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= (n — 2) 
=(7+2 1-1) - NZ 


2 
= nzie—-, 
We have, therefore, proved the following important properties: 
Az™ = nyer- D; V2 —n) — na —n+ 1); 6a [") = nal — u; (4) 


these relations are quite analogous to the formula Dz” = na*-1}, 
well known from the differential calculus. 

The central factorials of even and odd order may respectively be 
written 


gel = 22a? — 1) (@?— 4)... fe -@— 1 | 


_ (Qy — us] he 


ee tee eee ane E Z 


which shows that x2] is an even, x +] an odd function of z. 
On some occasions the following notation will be found useful: 


gv) 


g@y—1 = = x(z? — 1) (22? — 4)... [? —  — 179] 


(6) 


gi si-te 2 oie pe —n...|e—-S | 
z E 4 


The former of these functions is an odd, the latter an even func- 
tion of x, so that, as in the case of (5) the symbolical exponent is odd 
when the function is odd, and even when it is even. 

9. It is easily seen that Az", Vx" and 6x” are all polynomials 
of degree nm — 1. Therefore the first difference of a polynomial 
of degree n will be of degree n — 1, the m” of degree n — m, the 
n* a constant, while all the following differences vanish. 

It may be concluded from (4), that the n” difference of x” is n!, 
whether in the case of descending, ascending, or central differences; 
for x" may clearly be written as a factorial of degree n minus a cer- 
tain polynomial of degree m — 1 which vanishes by repeating the 
difference-operation n times. 
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10. On account of the properties we have proved for displace- 
ment-symbols we obtain by the binomial theorem 


Ay@) = E — fe) 
=se+n)—(")seen—1)+(9) fe +02) — + (DM) 
(1 = BVf(@) 

‘n n 
= sce) — (1) fe—1) + (9) se = 2) =... + (=n) 
ie) =H — B- ya) 


n n n ee 
=i(2 +8) — (Tet $-1) 4.0.4 vy(z ZY 
It is seen from these equations, or still more simply by means of 
the relations V = E-! A, 6 = E-? A, that 
Viz) = Af —n), Hf) = Af — »). (8) 


11. Another important symbol which is a linear function of 
displacement-symbols is the mean 0); defined by? 


_fe@+P)4se-—P 
2 


V4@) = 
(7) 


DO f(x) 


or 
$4 A-3 
oO = H+ E~ (9) 
2 
The reader will have no difficulty in proving for himself the fol- 
lowing three pairs of formulas of which use will be made later on: 


glk +1 -1 = ng -1 Jao 
DOght+ll-1 = gh), 
# $0) = A” f(—») lan 
C8700) me AAT) eel ae 
62y + 1f(4) SN If(- v) lua 
Do f() = FA’ S(— +1) + A*S(—»)L. 


1 This symbol is due to Thiele. English authors sometimes write pu, a no- 
tation introduced by Sheppard. 
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Finally, we note the simple relations 
Beene eee (13) 
4’ 2 


12. For the n” difference of a product of two functions, a 
theorem holds which is analogous to Leibnitz’ well-known theorem 


Duy, = > (") DSH Divs; (14) 


r»=0 \Y 


Let EH; be a symbol acting on wz alone, and H;,; a symbol acting 
on v, alone. Then we have 


IX US U5 AA a = OE 
= (E, Ey — 1) Us. 
or 
A = £, Ey, —1, 
so that, as Hy, = 1+ An, 
A =£, An + Ar (15) 
and hence 


(EZ, An + Az)" 


z (*) At Br he 


»=0 


L® 


I 


or, introducing U2z, 


A*Uz 02 = & ce [Xe TAs ape A’ 0. (16) 


»=0 \? 


This formula which is the required one can, of course, be proved 
by ordinary induction, but the proof becomes more lengthy. 


1 Formula (15) holds not only for the product of wz and vz but for any 
function of uz and vz. The same applies to (17). 
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Similarly, from 


6= Es, +E} 4 (17) 

we find 
a= > (*)te z Z gry 

y=0 \Y Iv UW I 
and hence 

n n E 

BRU ; ( ) onus ge Ue: (18) 
ONY 2 2 


a relation which may also be proved by putting, in (16), A = E's. 

13. We have assumed that the table-interval is unity; but a 
series of corresponding theorems may be established, if the inter- 
val is any numberh = Az. In that case the operation A might be 
defined by 


~ 


Af) =f@ +h) —f@) 
= fi + Ax) — f(z). 
Writing, under these circumstances, 
a” = a(x —h) (x — 2h)... [x — (n— Dhl, 


we find 


A a) 
IS 


= nr - D, 


tending, forh 0, to Dan = nx —!, while for h = 1 the first form- 
ula (4) results. 

We shall, however, not pursue this extension, but assume hence- 
forth, where nothing else is expressly stated, that the interval is 
unity; the results for interval h being always easily obtainable by a 
linear transformation of the variable. 

14, Let us now, for a moment, assume that f(x) is a polynomial 
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of degree nm. It may then be proved that f(x) can be represented 
by the following four expansions 


fa) = 2D’ fo) 


(19) 


The method of proof is the same in all four cases. If, for instance, 
we put 


tm 
fla) = Bo,2®, 


then the coefficients c, may be determined by performing on both 
sides the operation A” and putting, thereafter,z = 0. In this way 


we find A” f(0) = »! c, whence c, = 2 A” f(0), so that the second 
Ve 


expansion (19) has been proved. The other expansions are proved 
by performing the operations D’, VY” and 6” on expansions in 2’, 
a-~” and x"! respectively with unknown coefficients. 

The expansions (19) are all unique. For, if there were two dif- 
ferent expansions in, say, x"!, their difference would be an expansion 
of the form 


0 =k+k, zl + ky 7] +... + ka xh), 


the coefficients being not all zero. But this is impossible; for k, 
must vanish, being the coefficient of x”, if the polynomial on the 
right is arranged in ordinary powers of x; for a similar reason 
k, —~,; must vanish; and so on.—The expansions in x2” and x—”) 
may be dealt with in the same way. 

15. If f(x) is not a polynomial, expansions in factorials should 
not be used without examination of the remainder-term. Even if 
such expansions, if continued indefinitely, are convergent and 
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unique—which is not always the case—they are, without remain- 
der-terms, practically useless for interpolation, where they are used 
for numerical calculation> and where the object is to obtain, by 
means of the smallest possible number of terms, the desired degree 
of approximation. In order to derive remainder-terms it is, how- 
ever, necessary to place the investigation on a broader basis, and for 
this purpose we make use of the divided differences already intro- 
duced by Newton! which form the subject of the following section. 


§3. Divided Differences 


16. The 1*, 2-4, . . . r divided differences of f(x) with respect 
to the arguments Xo, 21, X2, . . . are defined by the following system 
of equations 


_ fo) — f(r) 


Ff (Xo, X1) = — 
Zo xy 
i see — f@y «otras = fley ssa) 


£6 — ds 
where it has, for the time being, been assumed that the arguments 
Xo, M1, ... x, are all different. If the values of f(z) employed in 
these equations are known, they may evidently serve for the suc- 
cessive calculation of the divided differences. 
We shall often, where no misunderstanding is to be feared, for 
brevity denote the r divided difference by f,, that is 


f-=fGs Ut, «2 ae) (2) 


The difference-table for divided differences has the following 
appearance 


= f(x) fi fa fs 

Zo f (x0) _ .-) Sa 
f (Xo, 21) 

x f(a) : f (Zo, 21, La) 

iy ae yes Ff (%1, a, Zs) J (Xo, ty 2a, 2s) 


L3 f (2s) 


——— eee eee 


_ See papers by Duncan C. Fraser in the Journal of the Institute of Actu- 
aries, vol. LI, p. 77 and p. 211. 
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It is, however, clear that it is possible, with the given values of 
f(x), to form several more divided differences than those stated in 
the table, for instance f(Xo, X2), f(ro, 21, X3), etc. But for obvious 
reasons we content ourselves with a number of differences, suffi- 
cient for interpolation-purposes, and when the succession of argu- 
ments Xo, Xi, %2, . . . (which need not be arranged in increasing 
order of magnitude) has once been settled, the difference-schedule 
has the appearance shown above. 

17. It is clear that f, must be a linear function of f(xo), f(21), 
....J(x,), and we may without difficulty derive an explicit ex- 
pression for this function. We write, for abbreviation, 


P@) = (@—m™) @—%)...@ —2,) 
P(z) (3) 


wv — Ly 


P,(x) = 


and prove by induction that 


= A 4 
Sr 2 PA) ( ) 
For this formula is valid for r = 1 in which case it reduces to 


fle), fe) _ flea) — fle) 


LS ere =a Yo — Ly 
Let us now assume that it has been proved for fi, fo, . . . f,; it may, 
then, be proved that it is also valid for f, +1; for by (4) and the last 
equation (1) we find 


a f(2,) a fa) i 
Fras -[z (<7 — Xo)... (4 —7,) = (t»—%1) ... (@ — =| Lo— Ly +1 
-5 f(@,) 


(a, — Xo) eee (1 — Zea)? 


it being understood that the factor (x, — x,) must be left out in all 
the denominators. But this expression is identical with (4), if r 
is replaced by r + 1 in the latter equation. 

From (4) we obtain the important theorem, that f, 7s symmetrical 
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in all the r + 1 arguments, so that the order in which these are 
taken is indifferent, e.g. .._ 


SG Eis com ee Lo a) 
18. We may express f, in several other ways.! Let 6, be an 
operation which, applied to f(@o), changes this function into 


0, f(s) = fed =I) | =f 2). (5) 


The symbol 0, acts on 2 alone. It has the distributive property, as 
On [f(@o) + ¢ (Lo)] = Of(Xo) + A 9 Lo), 
and the operations 6, and 6, are commutative, for 
6,09 f(a) = 6,7 (Xo) — f(,) 


To — Xe 


f (xo) S(t). f(a) 


(xo — Xp) (Lo — Xa) (ro — Xp) (a — Tp) (xo — Xe) (Xp — Ze) 


and this expression is symmetrical in p and q. 
It is now easily proved by induction that 


fi Sei asta a x 6: f (Xo). (6) 


For this theorem is obvious for r = 1, and if it has been proved as 
far as 7 inclusive, we find 


(tenis oo € 61 f (Xo) = Oren tte, ti; eens ts) 
a S (Xo, Li, 2 3 Te) — f(x, Bl dy Vly wl <6 7) 
T — Ir+1 
=fray 


as f(Tr 41,1, ... Ur) = f(Xi,X2,... Lr 41), f, being a symmetrical 
function of all the arguments. 


1J. L. W. V. Jensen: Sur une expression simple du reste dans la formule 
d’interpolation de Newton. Bulletin de l’Académie Royale de Danemark, 
1894, p. 246. ’ 
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19. A representation of f, by means of integrals is obtained as 
follows. It is found directly, by performing the integration, that 


1 
6, f(x0o) = \r [tap + (1 — t)a,] dé. 


The operation 6, may, therefore, be performed in 3 successive 
steps: 
1. Differentiating with respect to 2o. 
2. Replacing 2 by ta + (1 — £) 2p. 
3. Integrating the result with respect to ¢ from 0 to 1. 


We have now, to begin with, interpreting fo as 1, 


1 
fi = Af(%o) = ff (Xo — 1 V th) dt, 


and thereafter, by induction, 


1 I fy —1 r 
iP = fiat I dt, Oo oO dt, f® (cot c= 2,1); 
0 0 0 ; 


for, performing on both sides the operation 6, 4 1 and replacing there- 
after t,t by t, +1, we obtain an equation of the same form where r 
has been replaced by r+ 1. For the convenience of the reader we 
will give the proof in detail, using for abbreviation the notation 


(r) 1 4 tr —1 
i" =| at | dts sere dt,, (7) 
0 0 0 


so that the relation to be proved may be written 
(r) r 

f= fo (x t=) 2 a: af 
1 


We now proceed by the three steps mentioned above. 
1. Differentiating with respect to Xo, we get 


(r) . 
j igo? (x 2 vt). 
1 


2. Replacing now Xp by tao + (1 — t)x, 41, we find 


(r) r 
j t fot? (‘tte — 241) +b,2, 41 — 24, V s). 
1 
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3. Integrating this with respect to t from 0 to 1, we introduce 
the new variable t, +1 = tf, so that di, ,1 =t,dt. The result may 
be written 


(r) tr r+1 
i [ate wif (tate as - = 2, Vt) 
0 1 
(r + 1) Feat! 
-j f+ (totes 2 2,V4,); 
1 


but this is the same result as that which is obtained by replacing 
r by r + 1 in the above expression for f,. 

This expression which has thus been proved may be written more 
neatly by considering that f, is symmetrical in the arguments 


Xo, M1, ... Xr, SO that instead of xt, — > x, V t, we may write 
1 


Uplp SGV G =To+ 2h va 
1 1 


We thus obtain the formula 
(r) ae 
f= i) 77) (x +24LV 2). (8) 
1 


We shall refer to this formula as Jensen’s formula, although it has 
been found independently by several authors.! 


r 


AsO St, <1, the argument 2) + =U, V 2, is comprised between 
1 


the smallest and the largest of the numbers 2, %1, . . . 2,, if these 
are arranged in increasing order of magnitude. 

A limiting case of particular interest arises if we put % = 2; 
M=m=...=2, =0;r =n+ 1. In that case we find, as 
(8) retains a meaning for coinciding arguments, 


(Crs teed) 
frie f fet) @—-—&2) 


1 
us i" 7 en (x —h x) dt, 
n!\ 0 


1See Runge and Willers: Numerische und graphische Integration, p. 67 
(Encyklopidie der mathematischen Wissenschaften, Bd. II, 3). Norlund: 
Differenzenrechnung p. 16. 
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or, if we put 4; = 1 — Z, 
fara 3 ("a -orgo+ cen at ) 


20. The divided differences possess a number of interesting 
properties, amongst which we note the following ones:! 

1. It follows from the distributive and commutative properties of 
the operation 6, that if f(x) =ky (x) +h (a), thenf, = ky, + hy,. 

2. A change of origin without change of the tabular values of 
f(x) does not influence the divided differences, as these only depend 
on the given values of the function and on the differences between 
arguments. If, on the other hand, the argument is multiplied by a 
constant factor, while the tabular values of f(x) are left unchanged, 
then f, must be divided by the r“ power of this constant. 

3. If f(xo) is a polynomial of the n degree in Xo, then f, is a poly- 
nomial of the (n — r) degree in %. For the operation 6, reduces 
the degree by unity, as is seen from (5) where the numerator must 
contain the factor x» — Zp, as it vanishes for % = Zp. 

4. If f(x) = xz", then 


fe = ZI... tee (agtat...ta=n—r), (10) 
the summation being extended: to all the different products where 
the sum of the exponents isn — 7. 

The theorem is easily proved by iadonion as 
Co ie 
Ay eo 


yt ete" eet. «ea ao, 


fh=Ar2" = 


and 6,41f, = f-4:1- In particular we have 


n—1 
fr-1= z Ly fn =1, fra, = 0 (> 0). (11) 
0 


The expression (10) is the coefficient of i” ~ * in the development of 


1 
(1 — tao) (1 — tm)... (1 — &@,) 
1 Thiele: Interpolationsrechnung, §5, §7. 


(12) 
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or 

(1 +t + Poe +...) lta +a +...)...(i+iz,+foe+.. 2) 

in powers of t, taking ¢“° from the first, (“1 from the second, .. . 

i from the last bracket, and making 2 a, =n —r. The number 
0 


of terms in (10) is obtained by putting% =% =... =2%, =1; 
it therefore equals, according to (12); the coefficient of é*—* in the 


expansion of (1 — ¢) —” —}, that is 


5. li f(z) = - we have 


i (2 eereprareaes. (12) 


Ht ds * 
1 Lo hi 1 
0; ja im eer 
Xo Gry = Gen Xo L1 
1 1 
65 6; _—- = ’ ete. 
Xo Lo UM V2 
: r f(0 
6. It appears from (1) that if x, = », then f, = = = ) The 
r! 


r* divided difference is, therefore, not comparable with the r 
difference but is generally, numerically speaking, considerably 
smaller. 

7. If all the arguments coincide, we have 


as can be seen from (9) for 2 = 0. 
Cases where some, but not all, of the arguments coincide, are 
treated by (1), avoiding the divisor 0 and making use of (14). 


§3 DIVIDED DIFFERENCES 21 


We find, for instance, 


_ f(a,a) = f(a,d) _ f'@ — fla,b) 


f(a, a, b) — ue) 
f(a, a, a, b) = 00) ~ La, 0,8) 


f'@) _ fia) — f(a,b) 
a—b (a—b)? ~ 

In practical operations with such divided differences with re- 
peated arguments, the difference-table has, for instance, the follow- 
ing appearance 


a il 
= ey 


: ay fi i, S 
a f(a) 
f(a, a) 
a f(a) A) f(a, P ms 
fb) ie si f(a, a, b) f(a, a, a, b) 
g f(b) 


If, on the other hand, we had written f(a, b, a) and f(a, a, b, a) 
instead of f(a,a, b) and f(a, a, a, b), the method employed above 
would have resulted in the indeterminate forms 


b) — f(b 0 
fla, b, a) =< ee Te > 
a-—a 0 
b) — b, a 0 
f(a, a, b, a) = f(a, a, ) f(a, ) ) =-, 
a-—a 0 
The indetermination can, of course, be avoided by writing a, a + e, 
a+ 2e,....instead of a, a, a,.... and letting e — 0; in this 
way we arrive at the same results as before, but by detour. 
21. If f(x) is a polynomial of degree n, f(x, do, Qi, . . . An) 


vanishes, according to No. 20, 3°, as this expression is a divided dif- 
ference of order n + 1. We therefore have, by (4), 


7 f(z) f (ao) 
(% — Qo) (@— A)... (@— Gn) ~=96(G@n — X) (Ao — Gh)... (og — An) 
yeaa Jan) 


(dn — Z) (Gn — Go). - + (Gn — An —1) 
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If, by analogy with (3), we put 
P(z) = @ —%) (f — a1)... (0 — &) 


P (15) 
a0) te pas 
the formula may be written ; 
2 Ee) 
16 
J@) = oe a ay (16) 


This is Lagrange’s formula. It is seen directly that for x = a, 
the right-hand side assumes the value fia,). The formula may, 
therefore, be used for finding the polynomial of degree n which, 
for nm + 1 given values of the variable, assuines given values. It 
is well known that only one such polynomial exists. 


§4. Interpolation-Formulas 


22... IE ine $3 (1) we replace; W1, <.. De DY Te des iy oe ae 
this system of equations may be written 


S(x) = f(do) + (@ — ao)f (&, ao) 

F(X, Go) = f(@o, 1) + (& — A) fF, Ao, ai) 

TMs oy os Uy) Sf Gens as Ga) oe a) ee 
From this, we obtain in succession 

S@) = fo) + & — ao) f@, ao) 
J(Qo) + (®@ — Ao) (Ao, a1) + (& — Go) & — a1) f(x, Go, a1) 


ll 


o 8 © © © © © © © © © © ee ee ee ell lll lhl lll lle 


and, in the general case, 
f(x) =f(ao) + (x—ao) f(ao, a1) + (%@—ao) (2—A1) f(do, 1, G2) +... jo 
+ (@©— ao)... (© —An—-1) fo, . . . Gn) +R 
where 
= (x — ao) evap tee Oni Maina clon) (2) 
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Formula (1) is due to Newton and is called Newton’s interpolation- 
formula with divided differences. 

The remainder-term (2) may, by means of §3(8) and §3(15) be 
written in the more useful form 


(n + 1) n+1 
R= PG) | jor [aaa + 5 LV a,-s| (3) 
1 


putting a-, = 0. 

If we apply the Theorem of Mean Value to the integral, f*+» 
being the function f of §1(1) while ¢ is a constant, we obtain the 
practical form of the remainder-term 


eee (3) 


ar) Geet a pr 


(4) 
é being situated between the smallest and the largest of the num- 
bers 2, Go, Qi, ... Qn, aS appears from the observations made 
in No. 19 concerning §3(8). 

The form (4) for the remainder-term lends itself easily to the 
application of the Error-Test established under No. 5. For if 
f*+» and f*+” both have constant signs, we may always choose 
a, 41 0n such a side of x that the two remainder-terms 


Vig ¢ US eae Ag) oe (i O,) FOS Moye © 470s) 
and 


Bg me — Oo) sc 03 — One des 2 Ong 1) 


have opposite signs. 

If we only know that f+” has constant sign, we may proceed 
as follows.! Let us assume that x is comprised between the limits 
l and L, and that f* +” does not change its sign within an interval 
comprising all the numbers 1, L, do, di, ... Gn. Then f(z, de, 
di, ... Qn), if not constant, is either constantly increasing or 
constantly decreasing in the interval and is, therefore, comprised 
between the limits f(l, do, di, . . . Gn) and f(L, do, Gi, . . . Gn). 


1Inge Lehmann: On the Accuracy of Interpolation. Transactions of the 
6th Scandinavian Mathematical Congress, Copenhagen, 1926, p. 375. 


24 INTERPOLATION §4 


23. It is also possible to derive (4) without making use of Jen- 
sen’s formula. Let us for a moment write (1) in the form 


f@, =Q@) + R@), (5) 


Q(x) being the polynomial of degree n, R(x) the remainder-term. 
As it has been assumed (see No. 3) that f* + (@) is a continuous 
function, f(x, do, Gi, . . . Gn) must be finite, even if some of the 
arguments coincide. It is, then, seen from (2) that A(x) vanishes 
at the n + 1 points do, di, . . . Gn which we assume, for the moment, 
to be all different. But according to Rolle’s theorem the dif- 
ferential coefficient R’(x) must, then, vanish at least m times, R” (x) 
consequently at least  — 1 times, etc., and finally R™ (x) at least 
once in every interval comprising the arguments Qo, Qi, . . . Gn. 
Now, let & be such a number that R™ (£) = 0. We find, then, 
by (5), 


RE) = fH) — QW = 0; 


but Q(x) being of degree n, Q™ (x) must be a constant, and it is seen 
immediately that the value of this constant is n! f(@o, Qi, . « . Gn). 
We have thus proved the important formula 


S (Qo, Qi, « « « Qn) mie ass) (6) 


n! 
which evidently still subsists, if some of the arguments coincide. 
If, in (6), we introduce another argunient v7, we have 


_ Ft @) 
(n+ Dr 


the new & being comprised between the smallest and the largest 
of the numbers 2, do, @, . . . Qn. But if we insert this expression 
in (2), we have again (4). 

24. If, in particular, f(x) is a polynomial of degree n, f(x, do, 
di, . . . Qn) vanishes, so that (1) reduces to 


S(x) = f(ao) + (@—ao) fo, ax) + (@— Go) (@—A1) fo, Gi, G2) +... Ie 


f(D =p) sean (ie On eet J 


HACE) ey ees ar 
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This formula may evidently be used for determining the poly- 
nomial of degree n, for which f(a), f(a, ai), . . - f(@o, - . « An) 
assume given values. Only one expansion of this nature exists 
which may be proved in the same way in which we proved that the 
expansions §2(19) are unique. As both (7) and Lagrange’s formula 
§3(16), express that f(x, do, di, . . . Gn) vanishes if f(x) is a polyno- 
mial of degree n, these formulas must be identical. Lagrange’s 
formula may, therefore, be used for interpolation to exactly the 
same extent as Newton’s formula with divided differences and 
has the same remainder-term. For actual numerical interpolation 
Lagrange’s formula is, however, as a rule not very suitable. 

25. It should be noted that (1) does not lose in generality by 
putting « = O, provided that all the numbers a, are arbitrary; 
for this only means that the origin is transferred to x. We thus 
obtain the simplified form 


f(0) = f (Qo) — Aofi + doa fe —...t ( — Ibe Ao... -An—1fn + R, 
fot (8) (8) 
in eA) 


26. We may now write down some important particular cases 
of the interpolation-formula with divided differences. As regards 
the notation, always means a number comprised between the 
smallest and the largest of the arguments employed, R the remain- 
der-term; it must, therefore, not be expected that two numbers 
~ which are both denoted by é or by F are identical. 

If, in (1) and (4) we put in succession a, = 0,a, = v anda, = 
— vy, we obtain the three formulas 


R = (—1)" + lao 


grt! 
f(a) = ao f° OF a (9) 
fe) = 52 A’ f(0) + — foo (0, (10) 
0»! (M +1)! 
fle) = 32 yr +2 — por vy, (11) 
et (+! 


In (9) £ is comprised between 0 and x, in (10) between the small- 
est and the largest of the numbers 0, n, x, in (11) between the 
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smallest and the largest of the numbers 0, — , x. The first of these 
formulas is Maclaurin’s expansion, the second the interpolation 
formula with descending differences, the third the corresponding 
formula with ascending differences. If f(z) is a polynomial of 
degree n, the three formulas are identical with the corresponding 
developments in §2(19), as in that case the remainder-terms vanish. 
But (9), (10) and (11) have a far wider field of application, being 
valid also when f(x) is not a polynomial, the only assumption being, 
that f* + (@) exists and is continuous. If this differential coeffi- 
cient can be enclosed between known and sufficiently narrow limits, 
these formulas may therefore, as well as (1) itself, be employed 
for the approximate calculation of f(x) for an argument not con- 
tained in the difference-table, and that in such a way that limits 
can be assigned to the error committed. 

It should still be noted that the remainder-term in (9) may be 
written in the well-known form 


n 1 ~~» 
Rae j (1 — f+ (at) dt, (12) 
0 


as follows from §3(9). 
27. A class of interpolation-formulas, called the Gauss’ian form- 


ulas, is obtained by putting, in (1), do, = », dz,-1 = — v. We ob- 
tain, stopping at the order 2k and putting ae = 0, 
k q_!”] cari x (2¥] —1 
f(a) =3| Z— arty) ¢ EME any_y | 4R 
o L(2y—1)! (2v)! 
(13) 
gtk + 21-1 fetes 
= - ee 1 
while, stopping at the order 2k — 1, we find 
k-1 (a+yv) 71-1 gp let2]—1 
ne SY ia a NY cant (a 
fa) = 2 | Se eens cal mam) 


s@+hcrh-1 


(2k) 1 Tey: 
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If, on the other hand, we put a,, = —v, d),-; = v and stop 
at the order 2k, we have 


il-1 - 
oe (x—v) xl] 1 ‘ 
f(a) =2[ Zag PA nog |4R 
get aaa Dy (15) 
mCy; ce Qk+ pir (é), 
and, stopping at the order 2k — 1, 
Aas (wv) elt ar ¢(__ Cee vt |e 
fe) = 2[ SPE arn SO arti s—n ~ 
Arh) 
R= nm Benes Ie). 


28. A formula often used in practice is obtained by forming 
the arithmetical mean of (13) and (15). We find, by §2 (11), 


. [2¥] —1 
fa) = Ele P 7 + 70] +R 

(17) 
gpl? + 21 — 


= a +) (£), 


This formula is called Stirling’s interpolation-formula, although 


it was already found by Newton. 
If, in (17), we stop at the order 2k — 1, the remainder-term does 


not assume a similar simple form, but we may at any rate put 


1 A ee 


os +1)! 


[2k] 
ee) 


al “f+ (&), (18) 


as 6* f(0) = f® (é1). 
In (17) we have employed differences which in the difference-table 


are placed on the horizontal line starting at f(0), together with 
arithmetical means of the differences placed just above and below 


that line. 
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It is worth noting that Stirling’s formula may also be derived 
from (13) alone, if the expression in brackets is written in the form 


al] -—1 (2v] 


pS oC Nee oe ry» 
Ra AT RD Fa APSR Mt 


gi l@r1 - 1 Daf v) a A» =i 7 ae 1) a ae 
an eee + f(-»). 


LO i) 


It may, in a similar way, be derived from (15) alone. The three 
formulas (13), (15) and (17) produce, therefore, af we stop at the 
order 2k, identical results, but (17) has a theoretical advantage in 
the more symmetrical form, and in the fact that the function is 
split up into two parts, of which one is an even, the other an odd 
function of x. 

29. The terms in brackets in (16) may be written 


(e—») al! 
Chae oie { (Qv-+1) A* f(—») + a+) [A”f(—v +1) —A” f(—»)]} 
— ») glo : 

EG PAY fe a ee Ae 

(2v + 1)! 

(27 ++ 2]—1 = eee eee 

ora Tp f= a re a #10) 
but we have 
(¢ —») (@—v—1) a1 = (ety — 1) tMS-—- 1 — Ver 
so that ce assumes the form 
(1— 2)! + 2jJ—1 : gle + 2-1 ; 
J@) = p [Soe ry 5” f(0 Ye eet Swab Tiy say] +R a 
=) [2k] —1 
Ps Cae yoo (f). 


We shall call this formula Everett’s first formula.! 


*It had, however, already been found: by Laplace, see G. J. Lidstone: 
Notes on Hverett’s Interpolation Formula (Proceedings of the Edinburgh 
Mathematical Society, vol. XL, 1921-22). 
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30. From (17) we obtain 


JO) T=) 
2 ma, 


[2] (2% + 2) 
ae x 
&” f(0) + 


0 (2v)! Grav (é), (20) 


the remainder-term being derived by the following considerations. 
The exact form of the remainder-term in (17) is identical with the 
exact form of the remainder-term in (13) and (15), these formulas 
having the same remainder-term, viz. 


Tie) = Petia a 0. 1. aoe EK) (21) 
whence 
R(xv) + R(— 2) an f(v,0,+1,...4k)—f(-—4,0,+1,... +h) 
Ss *. Qu 
= ehh?) f(+2,0,41,... 4h) 
wit t21 


we a +2) (¢) 


or the remainder-term in (20). 
31. Another class of Gaussian formulas is obtained as follows. 


If, in (1), we put a, = v + 43, G41 = — » — § and replace 
f( by ft + 4), we obtain, stopping at the order 2k, 
fe+) = 
k @—r+4)¢ 44 ee gy l2et 1 cS | 
a a id as — itt 
:| @ —D! Ae t(—v +1) + (I A”f(—v+]) |4 8 (22) 
and, stopping at the order 2k — 1, 
fet+® = 
k-1 fae 1 Hs (a—v—3) get —-1 valet 3 | R 
=| ie ie ee aeons iiiem me Auk 
a (2k + 1]—1 


ern PANE J 
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Next, putting a, = — v — 4, @,41 = » + 3 and stopping at 
the order 2k, we find ; 
* f@+}) = 
Gel cos, ) gummy yee a» | 
A" f(—»+ 1 R 
al (eee ia! es Zea — PAM ”) | \ 04) 
_, SEE ee a pads 
a (2k +1)! f ®), 
while, stopping at the order 2k — 1, we have 
fe+® = 
itil (rtethceHit 1 
v ea RN SS Real rig a R 
lp eur ores oe Ole aes 
gtk +1 - 


"GB! fan) (é). 


32. Taking, now, the arithmetical mean of (23) and (25), we 
find, by §2 (12), 


re (ee 1 2 a (ee t1) gett »| R 
FOR 2 | ere LUI eecerengy) Gar 
(26) 
Ss, g Pk +1) -1 ap () 
(2k)! f , 


This formula which has also been found by Newton goes by the 
name of Bessel’s formula. If we stop at the order 2k — 2, we may, 
as remainder-term, use 


glk —1) 


R= epi Oe a peers, Sete (27) 

In (26), use has been made of differences placed on the hori- 

zontal line starting from f(}), that is, mid-way between f(0) and 

f(1), together with arithmetical means of differences placed im- 
mediately above and below that line. 

By a similar method as that which was employed for deriving 

(17) from (13) or from (15) alone, it may be shown that (26) can 
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be derived from (23) or (25) alone, and that the three last-men- 
tioned formulas, af we stop at the order 2k — 1, produce identical 
results. On the other hand, Bessel’s formula possesses similar 
theoretical advantages as Stirling’s. 

33. The difference in accuracy obtained by Stirling’s and Bes- 
sel’s formulas is, on the whole, but small. It may, therefore, be 
recommended as a practical rule to employ the former or latter of 
these formulas, according as we stop at differences of an even or 
odd order, thus avoiding remainder-terms of the forms (18) and 
(27). 

34. The terms in brackets in (22) may, for » > 0, be written 


— yh) ye-t-1 
eA Ae iy Wee a) Af A 


@)! 
—p+l) 72-1 
= Sa (et DAP S942) — 9D AMA D] 
(2y4+1)-1 ee 1 seen tel (2»—1]—1 
= To at gy —§ CD egy 


but we have, for v > 0, 
(2 —» te 1) (x ee 3) gy 2-1-1 ie (a a ap aes 3) 0) = (1 _ gore 


so that (22) may be written 


fea) = 
k op et =i! - (1 — geri ieee 
SQ) + 2 |e (a)! wn TG Pere eit. a | +k (28) 
(x — =e) pers s pees 
iio Che animei ane ss 


We shall refer to this formula as Everett’s second formula. 
35. From (26) we obtain 


Hiatt et) et ee ae eee 
2 =2 oapr (Ot aqpl © ©) 
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the remainder-term having been derived by the following considera- 
tions. The exact form of the remainder-term in (26) is identical 
with the exact form of the remainder-term in one of the formulas 
(23) or (25) which have the same remainder-term, viz. 


Tee) ee Pe Op ee dere a i — Lye), (a0) 
so that 


R(x) — R(— 2) | 
a oe 
eye 0, £1,...4(k—-1),k)—f(—2+4,0,41,...4(k-D), k) 
22 
= get (ae +9,0,41,...+£6¢—1),h) 
wlth + 
(2k + 1) 
being the remainder-term in (29). 
If, in (29), we replace f(t) by f(t — 4), we obtain finally 
f(x) 7% f(— x) iS pose ‘ 2v+1 oe oa (2k+1) 
EE 2 
: ee (Oe 


36. If we add (82) and (20) together, we get 


f@) = vf0) +k 
gin + 1) (n + 2] (33) 
= pitt G+ Sse 


This is the interpolation-formula with central differences; it is of 
some theoretical importance, but not practically useful for inter- 
polation purposes, as the differences of odd order are not imme- 
diately found in the difference-table. 

37. A special case of particular interest is found by putting, in 
(26), = 0. The result is the formula for interpolation to halves, or 


k-1 5 ye 2 
fa =e (py ES SR yay eR 
0 2°” (2v)! (34) 
Ss te soe 
R= (— 1 SS OT jo | 


(3 


§4 INTERPOLATION-FORMULAS 33 


38. On many occasions not only the function but also its differ- 
ential coefficient is known at a number of given points. If both of 
these values are used in the interpolation, it is called osculating 
interpolation (of the first order). Osculation of higher order occurs, 
if differential coefficients of higher order are introduced. The 
problem has, as a matter of fact, already been solved by (1) which 
is also valid, if some of the points a, coincide. We simply have 
to interpret the divided differences with repeated arguments, thus 
introduced, in accordance with the principles of No. 20, 7°. 

If, for instance, the values of f(a), f’(a), f’ (a) and f(b) are given, 
we also know f(@, a) = f’(@) and f(a, a, a) = 3 f’@), so that we 
can form the difference-table in No. 20, 7°, whereafter we have 


f(x) = f@ + @—a) faa) + @—a)? f(a,a,a) + (w@—a)$ f(a,a,a,b) + R, 


age e ie pew eed 
R = (x — a)? (a — b) ee 

39. If, on the other hand, we use Lagrange’s instead of Newton’s 
formula, the matter is not quite so simple, as the separate terms in 
§3(16) may tend to infinity, if some of the points a, coincide. In 
that case, the terms tending to infinity together must be collected 
into one term and the limiting value be examined, while the points 
that are finally to coincide must be kept separate during the limit- 
ing process. If, for instance, a,, a, and a, are ultimately to coin- 
cide, we may puta, = a,a, =@ + ¢,@, = a + 2 and let e tend 
to zero. 

We do not propose to do this in detail, but content ourselves 
with stating an important result and verifying it. Putting 


© P20) 4), & Pala) POM ayy _ 9 Parla) 
Hea) = 8 Pray fO) +3 ey [Mo 25s sad}, 0 


P(x) and P,(x) having the same meaning as in §3 (15), we intend to 
show that this expression represents the polynomial of degree 


2n + 1 which for % = Gp, Gi, ... @ assumes the values f(a), 
f(ai), . . . f(Qn), while f’(z) assumes the values f’(ao), f’(@i), . 
Ff'(An). . 


It is, to begin with, clear that for x = a,, r having one of the 
values 0, 1, . . . ”, (35) assumes the value f(a,); for each separate 
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term in the second sum vanishes on account of the factor P(z), 
while of the first sum only the term f(4,) with the factor 1 remains. 
Differentiating now (35) and putting, thereafter, 7 = a,, we get 


- 2P.(a,)P/(a). .. *P,(a,)P'(a,)\ , (a) 
Pa) 1%) +2 pag) [ray —2 9 10 | 


or, as P(a,) = 0 fors_+ 7, 


; < 2PLG,) Pal, = POG;) , 
Foe) = PE gay) + 53] pa) 2 te Ha, | 


but the correctness of this equation follows from the fact, that 
P'(a,) = P,(a,), as is seen by differentiating P(x) = (x — a,) P,(2) 
and putting x = 4@,. 

If (35) is applied to a function which is not a polynomial, it be- 
comes necessary to add the remainder-term which, according to 
what has been said in No. 24, is identical with the remainder- 
term in Newton’s formula under the same conditions, that is 


font (£) 
(2n +2) 


FG) == 
0 


Ee = Pre) f(t: do. Go. <., «Gann ee) (36) 


§5. Some Applications 


40. Before proceeding to show, by means of numerical examples, 
how the interpolation-formulas developed in §4 are applied in prac- 
tice, we find it advisable to illustrate the warning, given in No. 2, 
against indiscriminate application of polynomials for interpolation- 
purposes. We choose a case where intuition proves of no value 
as a protection against erroneous conclusions. 

Let us assume, that we have to do with a function which, in a 
given interval — a < x < a, does not present any “peculiarities” 
whatever; we may, in order to put it more precisely, assume that, 
in this interval, the function is everywhere continuous and possesses 
differential coefficients of every order. Most practical computers 
will, then, be inclined to believe that any desired degree of agree- 
ment between the polynomial used for the interpolation, and the 
function, may, within the interval, be obtained by arranging that 
the polynomial assumes the same values as the function at a suffi- 
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cient number of points which are uniformly distributed over the 
interval. 

Yet this conclusion is unwarranted, as we proceed to show by an 
example. 


We consider the function 
(1) 


a function which is evidently continuous and possesses differential coefti- 
cients of every order in every finite interval. This function is so simple 
that a theory of interpolation with any claim to authority should be able 
to handle it safely. 

In order to form the divided differences it is convenient to write the func- 
tion in the form 


t 1 1 

(Oe Gee ee), (2) 

where i = a/ —1. As evidently also for complex z 

1 1 
Hide EMU Dri ae RENAE NES pea Se @) 
we have 
t 1 (— 1)" 

f=. aces a So ee ae A ES Pe EO 4 
f hemriecae Cie ee o 


We now assume that the values of f(x) have been given at a number of 
points which are uniformly distributed over the interval — 5 <2 <5, and 
propose to examine the result of interpolating by Newton’s formula to f(z), 
z being a point within the said interval. As our only object is to show that 
there are cases where this interpolation fails, and that the failure is the 
greater the more values of the function are used, we may choose the uni- 
formly distributed points in a special way with a view to obtaining the sim- 
plest possible calculations. We assume, therefore, that the values of the 
function are given at the points 


1 3 5 , 
wH-, t-te ee? +5 (5y + 1 points), (5) 
v v v 


so that the interval has been divided into 5y equal parts, v being an odd num- 
ber of the form 4k — 1. We have, therefore, » = 3. 

The problem is to examine what happens to the remainder-term in New- 
ton’s formula if, for », we insert ever larger values. 
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It is easy to calculate this remainder-term. For we have 


R= pears eS - + - Ae 5) (6) 


ae (7) 
= @+5)(245—f)(2t5-2)---@—5) 
and, by (4), 
1 3 a 1 (— 1) +1 
i= pee ada =5) Sikes PG! @+2) al 
. 1 
~ (1 + 2?) P(t)’ 
so that 
1 P(@) (8) 


“ips Pe 


5 1 
but, as» = 4k — 1, must be an even number; therefore 


1 
Pa = (145) (145) (1+ 2) +++ a +20. (9) 


If, for abbreviation, we put 


(10) 


x=2z2-—5,2= 


bo 
~ 


we obtain, by (7), 


9\5e +1 
P(x) = P(z— 5) = (;) ve(ve — 1) ++ + (vz — 5p) 


_ (2) +1 1d +2) 
“Ay T(z — 5v) 


or, as T@)rd — t) = ——, 
sin wt 


2\5¥ +1 sin yr 
P(x) = — () eueee od Gose\E Cttoe aes 


Tv 
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As 0<2<5, owing to —5< x <5, we may apply the well-known inequality, 
valid for t>0, 


(i + t) > tem? V/2at 


and thus obtain 


5 y 
| P(x) | > 4 | sinver | VJ 215 — 2) (2) 27(5 — 2)? | : (11) 


é 


Remembering, now, that the geometrical mean is smaller than the arith- 
metical, we have 


1 3? op)? 
ce er en es 


TO aS oy + 1 


2 


2 ik 
— —_— el 52 eee 5p < 
TS: 5 cpa Ran gon ean + (5»)?); 


but 
1432+ 524+---+ (2+ 1)? = 4 (2h +1) (2k + 2) (2k +3), 
as is proved by induction or otherwise; therefore 


i al 2 
Da a Ae en) (dv + 2) 


2 
——— 2 
*\i5y +1 
TO ea rare 


or 


bv+1 

28, 10\7— 

. a ces By 
pa<(2 3 2) 


5y+1 5p aa 
_ (8\3 5 Fy 5 
- (*) (145) or ey 


5 47 ; : 
The last factor we replace by \! + Uae Vo being at least as large, since 


v3. Further, we have for 1>0 


t Y 
oS S<eaG 
v 
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as is seen by developing in powers of t, so that the middle factor may be 
25 


replaced by e*. We thus have 


P< a) ae (12) 


5y 25 
V94 (2) 28 
But from (12) and (11) jointly with (8), it follows, that 


id 2 5 , 
rd = 815 — ss 
1 = 12| sinven | V/ 25 — 2) (?) a es (13) 
1+ 2 25 . 
4/94 8 (2) 
By 


Ze | 


3 
We are now in a position to examine what happens to R for special values 


of z or z inside the interval considered. As an example, we will put z = 4f, 
that is z = 43$. We have for this particular value, asy = 4k — 1, 


sin(4k — 1) (s — a rs 


but this expression cannot, k being an integer, assume any other values than 


| sinvzx | = 


: SOR ROK Sete : : 
sin a sin aa sin et sin a amongst which we select the smallest, being 
sin = A numerical calculation shows, finally, that for x = 4f 


(1.8)” 


R 
[RI > 


so that, with increasing », |R| increases beyond any limit. 

The determination of the interval within which the process is convergent 
is due to Runge,! but requires analytical methods which are beyond the 
scope of this book, 


This result, of course, does not mean that it is not permitted to 


interpolate in a table of the function f(z) = , but only that 


1 
1+ 2? 
the degree of accuracy obtained should not be estimated by in- 
tuition, but by means of the remainder-term. 


1 This interval is 43-63 . . . ; see, for instance, P. Montel: Legons sur 
les séries de polynomes, p. 51-55. 
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We learn by this example that even extremely simple cases exist 
where the agreement between the function and the polynomial, 
used for the interpolation, at a number of given points 0, 1, 2, 
. . . ”, is obtained only at the cost of very large deviations between 
function and polynomial in the intervals between these points. We 
refer, as an illustration, to figure 1 where the dotted line indicates 
a polynomial of this nature. 

41. We now approach the numerical applications of the inter- 
polation-formulas. If tables of the coefficients in these formulas! 
with a sufficient number of decimals and proceeding by sufficiently 


small intervals, are available, and particularly if an arithmometer 
is at hand, the formulas may be left as they stand in §4. The 
only point requiring further comment, is the practical use of the 
remainder-term. In other cases it may be recommended to write 


1§See, for instance, J. W. Glover: Tables of Applied Mathematics, Ann 
Arbor, Michigan, 1923, p. 412; A. J. Thompson: Table of the Coefficients 
of Everett’s Central-Difference Interpolation Formula (Tracts for Com- 
puters, No. V). 
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the formulas in a slightly different way. For instance, Newton’s 
formula with divided differences should be written 


f@) =fo+ @-—a) [fit @-—a)lh+@—am)[fst+.... (14 


where, as in the following formulas, the remainder-term has been 
left out. The idea is, that the calculation should be commenced 
from the right with the difference of the highest order, say, f3; this 
is multiplied by (x — ae); to the product is added f.; the result is 
multiplied by (a — a); and so on. 

The other formulas are best written in symbolical form, leaving 
out the symbolical factor f(0) or f($) on both sides. Thus, the 
formula with descending differences may be written 


x—2 
3 


Bw aite(at2o*(ar4 (a+ 223 (ace... 09 


the factor f(0) having been left out. The formula with ascending 
differences becomes bh 


1 2 f 
BE mite(y sti (yey 22? (v: eee (16) 


and Stirling’s formula 
2 2 
EP =14+- (e425 (4? =*(#+...))) 
(17) 


1.2 3.4 


2 


x 
+2(ao+ 


x — 


4.5 


2.3 


(ae+* ae 


in all of these the factor left out is f(0). 
On the other hand, in the case of Bessel’s formula 


mont glloretitloretiitlare)) 
Et = 7. (a#+ wal Oe+... 
ta(s4% a 


the factor left out is f(3). 


(18) 
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Everett’s first formula may, if x + y = 1, be written 


Se ao) 
Et = ne  Saea) 
y(.+ Er AA nearer epee 


‘(en 4 


(19) 
wv—4 


4.5 


a 


E i 4 
- x( “fe 53 (s E+... 
where the factor f(0) has been left out; and Everett’s second formula 


1 5x) — oS 7? — 9 
i? = Ff? + (sn —!(ss+...)) 


(20) 


the factor f(}) having been left out. 

42. Everett’s first formula is particularly useful in connection 
with tables of functions which, according to a practice introduced 
by K. Pearson,! have been tabulated for rather wide intervals 
but are accompanied by auxiliary tables of 6? and 64. In such tables, 
space is saved by leaving out 6 and 6%, and interpolation by Everett’s 
formulas is, as regards the work implied, practically equivalent to 
interpolation by Stirling’s or Bessel’s formulas. 

As regards the other formulas, interpolation with descending or 
ascending differences is necessary at the beginning and end of a 
table, as central differences are not to be had there. Linear inter- 
polation would, of course, never be done by Bessel’s formula, but 
by the descending or ascending first difference. Also in the case 
of interpolation with second differences there is, as a rule, little 
advantage in using central differences. Otherwise Stirling’s or 
Bessel’s formula is usually applied. If the intervals are not equal, 
or if some of the central differences, but not of sufficiently high order, 
are obtainable, interpolation with divided differences may be re- 
sorted to. In that case, in order not to compute with higher num- 
bers than necessary, the arguments Gp, Q1, @2, . . . in (14) are chosen 
in such an order that dp» is nearest to x, di after that nearest to 


1 Tracts for Computers, Nos. II and III: On the Construction of Tables 
and on Interpolation. 
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x, etc. The divided differences used in the calculation will then be 
situated on a zig-zag-line, starting as close as possible to x. 

43. We will first deal with a case where the given values of 
f(@) are exact, not approximate numbers. 


i f(x) A A? As 
zal 427.8582 
22 538.7888 os 21.8990 3.0930 
23 671.6184 157.8216 24.9920 ; 
2.4 829.4400 : 


The table above is part of a table of the function z* + 102°. 
It is required, by interpolation to calculate f(2.14) and, by means 
of the remainder-term, to indicate limits for the error committed. 

We commence by forming the difference-table as shown, choose 
2.1 as origin and note that the unit of interval is 0.1, so that, in (15), 
we must put x = 0.4. The details of the calculation are then as 
follows: 


0.4 — 2 
3 
ae 21.8990 


Ai =— 1.6496 


0.4—1 


a 


20.2494 X 


= — 6.07482 
Tes 110.9306 
104.85578 X 0.4 
= 41.942312 
+ F(2.1) 427.8582 
469.800512 = f(2.14). 


In order to calculate the remainder-term we put 


(w’ + 21)4 + (a! + 21)5 


J@)=fel +012) =Fa'y= 10000 , 
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and find for the remainder-term, € being comprised between 0 and 3, 


0. 


4) 40) 4! 5 (4) 
a Fo @ = Oats 4 ee ean!) 


4! 10000 


ee 


= — 0,01058304 — 0.0004992 &. 
If this is added to the value found for f(2.14), we finally find 
f(2.14) = 409.78992896 — 0.0004992& (O< E< 3). 


It is seen that f(2.14) is comprised between 469.790 and 469.788. 
The correct value to 4 decimals is, in fact, 469.7893. 

It should be noted that in this case the remainder-term contains 
a constant part which to a considerable extent contributes towards 
improving the value immediately found by the interpolation. 

44. In practice, it is advisable to begin by examining the re- 
mainder-term, in order to ascertain how many decimals it is neces- 
sary to take into account in the calculation. Thus, an examina- 
tion of the above expression for #, shows that the uncertainty 
caused by é can only amount to 15 units of the 3” decimal, so that, 
in practice, only four decimals should be retained in the course of 
the calculation. We have, however, in this and in the following 
example, preferred to carry out the calculation with the exact values 
of the function, in order to avoid, for the moment, other sources of 
error than the remainder-term itself. 

45. If, in the same table, we want to interpolate for (2°27), 
central differences should be used, and as we know a 6°, but no 
0 63, it is Bessel’s formula that should be used, in agreement with 
the rule suggested in No. 33: to apply Bessel’s formula, if we 
stop at a difference of odd order.!. The calculation is performed in 
the following way. We first calculate for the middle interval 
O (2.25) = 605.2036 and O 6? f(2.25) = 23.4455; with a little prac- 
tice this can be done mentally, and the results be inserted in their 
places in the difference-table, whereafter all the figures to be used 
in the calculation are placed on the same horizontal line. There- 


1 We might, of course, also apply one of the Gaussian formulas, in a form 
analogous to (15). 
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after, we put in the formula x = 0.2, being the distance from the 
middle of the interval, and find in succession 


—0.2! .04—0.25 
So & = — 2.4617775 ve 6 = — 0.108255 
re 605 . 2036 0 132.8296 
602 .7418225 132.721345 X 0.2 


= 26.544269 
+ 602.7418225 
629.2860915 =f (2.27) 


; < : 3 
For the remainder-term we find, ¢ being comprised between + 3 


7. Oa 418 Er 228) 


= 0.005267535 + 0.00023205 
4! 10000 : ‘3 ‘ 


so that f(2.27) is comprised between 629.292 and 629.291. The 
correct value to 4 places is 629.2914. 

46. If, for the same interpolation, we apply one of Everett’s 
formulas, it is clear that it is Everett’s first formula that must be 
applied, as we know two differences of the second order but only one 
of the third. As both differences of the second order are used, it 
appears that all the information contained in the difference-table 
is turned to account, although we apparently stop at the second 
order of differences. The details of the calculation are in practice 


as follows. We choose 2.2 as origin and put x = 0.7, y = 0.3. 
The remainder-term is 


p= 27 (049 = 1) 7 = 2) 41+ 50 (E+ 22) 
4! 10000 
= 0.00515151 + 0.00023205& (—1<é< 2). 


The uncertainty caused by & can, therefore, amount to 7 units 
of the fourth place of decimals. The third decimal being thus un- 
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certain, we need only retain four decimals in the calculation. The 
successive steps in this are: 


we & = — 3.3213 = & EL = — 2.1243 

+ f(2.2) 538.7888 + f(2.3) 671.6184 
535.4675 X 0.3 669.4941 X 0.7 

= 160.6402 = 468.6459 


+ 160.6402 
629.2861 = f(2.27) 


If to this we add the remainder-term 
R = 0.0052 + 0.00023 £, 
we have as the result of the interpolation 
(2.27) = 629.2913 + 0.00023 (—1<£< 2), 


so that the required value is found, as before, to be comprised be- 
tween 629.292 and 629.291. 

It is seen that the actual work of computing is about the same 
as in the case of Bessel’s formula, taking into account the forming 
of arithmetical means in the latter case. 

47. Before proceeding to the case where the given values of 
f(z) are not exact but approximate numbers, it may be noted that 
whether they are exact or approximate, it is practical to begin with 
testing the table for grosser errors, caused by mistakes in writing, 
printing or calculating, etc. This is done by mere inspection of 
the difference-table which must be formed anyhow. 

Let us consider the effect on the difference-table of a single error 
of one unit. Its propagation can be studied by means of the follow- 
ing difference-table of the errors which is, at the same time, a table 
of the errors in the differences of the function. 
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Qe) sy (Sie) tS) S) 


The numbers in this table are binomial numbers, as appears from 
the expression of A” f(x) if, in this, we put f(0) = 1, f(vy) =0 @~ +0). 
If, now, we form the difference-table of f(x) and carry it sufficiently 
far for the differences, considering the number of places to which 
we work, to vanish, the effect of an isolated error will be that instead 
of a column of zeros we get a column of binomial numbers, multi- 
plied by the same constant & (if the error is k instead of 1). At 
the same time this column shows which value of f(#) is wrong, and 
the approximate magnitude of the error. 

Let us, for instance, consider the following section of a table of 
logarithms. 


D log x A LA? 
3.8500 0.5854607 113 

8501 4720 113 0 
8502 4833 107 —6 
8503 4940 118 ll 
8504 5058 113 — 5 
8505 5171 113 0 
8506- 5284 113 0 
8507 5397 


Inspection of the column of A? shows at once that log 3.8503 is 
erroneous, and that the error is approximately —6 units of the 
last decimal (the correct value is 0.5854946). 

48. We now assume that this kind of error is not present, and 
that the only kind of error in the functional values is due to their 
having been rounded off to the nearest unit of the last decimal 
retained. An error of.this nature can, at most, amount to 3 unit 
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of the last figure, and an upper limit to the error in the differences 
is therefore obtained by considering the following table: 


Error A A? a3 At Ad 
—0.5 

0.5 —2 

x = 4 

—0.5 2 —8 4 

0.5 X 2 i 8 is 
=—(Olnes 2 

0.5 


It is seen that the numerical value of the error in A” cannot ex- 
ceed 2”~' units of the kind considered. It follows, that we shall 
generally be guarded against the influence of this kind of error by 
carrying out the calculation with one or two more figures than we 
need in the result. As a rule the influence of these “forcing-errors,”’ 
as we shall call them, is considerably smaller than would appear 
from the table above, as they counterbalance each other to a cer- 
tain extent. They are of the same nature, and are dealt with in 
the same way, as the errors introduced at the various steps of the 
interpolation where approximations are resorted to; and the prac- 
tical computer will all the time be conscious of the number of figures 
to which these approximations must be taken in order not to lose 
any of the accuracy with which he started. Apart from the cases 
where very long calculations are required in order to reach the re- 
sult, the forcing-errors are not very dangerous, especially in com- 
parison with the errors into which the computer may fall by under- 
rating the influence of the remainder-term. 

In most tables the distribution of the forcing-errors may be con- 
sidered ‘‘accidental” in the sense in which this word is taken in 
the theory of probabilities. On this assumption, it is theoretically 
possible to determine the mean error! of the interpolated value of 
f (x), a problem which, however, is not of great practical importance. 

In practice, the forcing-errors in the given values of the function 
show their presence in the difference-table. Jor, if we consider a 
column of differences which, taking the nature of the function and 
the degree of accuracy into account, ought to vanish, it will be 


1 Thiele: Interpolationsrechnung, p. 38-42. 
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found that instead of vanishing it presents frequent changes of sign, 
while a not too large section of it will approximately have the sum 
zero. In that case, differences of this order are not used in the 
interpolation, and the remainder-term will often show that it is 
possible to stop at a still lower difference. 


49. As an example we will consider a section of a table of Jz. 


z Vaz A A? As At As 


5451 73. 8308879 0. 3378387 


5501 ‘|| 74.1687266 —15319 

5551 ‘||: 74. 5050334 | oe eae —15112 se —=6 : 

5601 74. 8398290 a —14911 =3 
0.3333045 198 ee) 

5651 |] 75.1731335 | 93359995 | —14713 ao =4 ~ 

5701 |] 75.5049667 |p asqac13 | —14519 a =F 

5751 |] 75.8353480 | 9 aocq4q, | —14332 


5801 76. 1642961 


The differences from A? on have been stated in units of the last 
decimal, as is often done to save space. 

According to the nature of the function, the n“ differential coeffi- 
cient and, consequently, the n difference should have the constant 
sign (—1)"~1. The figures show, however, that the sign of A® 
changes, and the sum of this column is very small (one unit of the 
last decimal). There is, therefore, no reason to use A® in the 
interpolation; whether A‘ can also be left out depends on the 
remainder-term. 

As an example, let us interpolate for V5616. If, in Everett’s 
first formula, we put x = 0.3, we find for the remainder-term, 
stopping at second differences, 


0.3 (0.09 — 1) (0.3 — 2) 
4! 


Rie D‘ (5601 + 508)? (- 1 <€ <2), 
and a short caiculation shows that this can at most affect the result 
with one unit of the 8” decimal. We may, therefore, ignore the 
remainder-term, using the formula to second differences which is, 
in fact, equivalent to going to the third difference in the table, as 
the formula uses the second differences of both f(0) and f(1). 
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The calculation proceeds as follows: 


& = 0.00012674 


0.49—1 0.09 — 
6 ea & KH = 0.00022315 


+ ~W5601  74.8398290 4+ V/5651 75.1731335 
7483995574 X 0.7 75.17335665 X 0.3 
= 52.38796902 = 22.55200700 


+ 52.38796902 
74.9399760 = 5616 


The result is correct to the last decimal. The setting out of all 
the differences in the table might, of course, have been avoided by 
beginning with the examination of the remainder-term. 

We may use the same table for illustrating the use of the Error- 
Test. Confining ourselves to the case of linear interpolation, we 
use the arguments 0 and 1, and calculate f(x) by 


f@) =f0) +z Af), 


the remainder-term being 3x7(x — 1) f’(é)._ If, as the next argu- 
ment, we take 2, the remainder-term is {x(x — 1) (@& — 2) f’’’(8), 
but for 0 <x < 1 the two remainder-terms have the same sign, as 
jf’ and f’” have opposite signs for f(z) = Vv x, and the Error-Test 
is inapplicable. If, on the other hand, we take —1 as the next ar- 
gument, the remainder-term is ¢¢(z? — 1) f’’(€) which for 
0 <x< 1 has the opposite sign of 3z(@v@ — 1) f’’(é). With this 
choice of arguments the first neglected term in the linear interpola- 
tion-formula is 4z(z — 1) A?f(— 1), and the error is, therefore, 
numerically less than this expression and has the same sign. 
Performing the calculation for x = 0.3 we find 


/5616 = 74.8398290 + 0.3 x 0.3333045 
= 74,9398204 
with an error that is numerically less than 


0.3 (— 0.7) 


9 (— 0.0014911) = 0.0001566 
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and has the same sign: that is, we have 
74,9398204 < W5616 < 74.9399770. 


Of the two limits, the one obtained by adding the next term is, 
as might be expected, much the better. But if we want to act in 
absolute safety, the result of the interpolation should be stated as 
V5616 = 74.9399 with a possible error of one unit of the fourth 
decimal. 

50. As an application of Stirling’s formula, let us consider the 
table 


x Ca A PS ES At 
0.1 0.90484 

0.2 0.81873 ee 820 = 

0.3 0.74082 a0 741 70 9 
0.4 0567032. 5 con 671 

0.5 0.60653 


We propose to interpolate for e— aig making use of the fourth 
difference. In the formula we must, then, put « = 0.4, and find, 
for the remainder-term, 


— 0.4 (0.16 — 1) (0.16 — 4) -25% 
é 


R= 
5! 10° 


(— 2< =< 2); 


it is seen, without actual calculation, that it cannot influence the 
result in which only 5 decimals are to be retained. The details of 
the calculation are: 


ee 0.16 — 1 
eee ee ES HIDOOOOE ee TAI gh eam OOO TOS 
12 6 
Eee 0.00741 +oO8 — 0.074205 
0.16 
0.007404 x —- — 0.074101 x 0.4 
= 0.000592 = — 0.029640 
Bi eae 0.74082. 4+ 0.741412 
0.741412 Oeil ieee. 


the result being correct to the last place. 
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It is seen that 5‘ has no influence, and it would, therefore, have 
been sufficient to use Bessel’s formula to the third difference. What 
we have done, is practically equivalent to using Stirling’s formula 
to the third difference and with a remainder-term of the double 


[4] 
form §4(18); as the trouble in ascertaining that = f™ (&) is also 


without influence, may be compared with the trouble we had in 
calculating the term involving 64. 

51. If we treat the same case by Everett’s second formula, we 
must put x = 0.9, y = 0.1 and find 


81 — 2.25 
ore &H = 0.000084 


+ 6H — 0.07050 


By ees 


= — 0.019716 

Hes 0.74082 

0.721104 

0.01 — 2.25 ,, 
12 

+5 — 0.07791 


= 0.000147 


—0.01 + 0.25 


— 0.077763 X 9 


— 0.009332 
+ 0.721104 


0.71177 =e 


0.34 


the result being correct to the last place, as the remainder-term 
has no influence. 

52. To recapitulate, we must, in interpolating, be prepared for 
four kinds of errors: 

1. Forcing-errors in the given table. 

2. Grosser errors in the table. 
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3. Forcing-errors in each separate step of the calculation. 

4. Errors due to neglecting the remainder-term. 

The errors of type 2° are usually discovered in setting out the 
difference-table. The errors of type 3° are neutralized by perform- 
ing the calculation with one or two decimals more than are required 
in the result. The errors of type 4° can only be dealt with by 
examining the remainder-term, and it is not sufficient—although 
many practical computers think so—to examine the difference- 
table without taking the nature of the function into account. If, 
for instance, we have the table 


x f(z) A Be 
0 100 

1 110 ie 1 
2 121 


it would be rash to think that, because the differences have a regu- 
lar course and decrease rapidly, interpolation is safe, without 
taking account of the remainder-term. Yor, interpolating for f(3) 
to the second difference, we find f($) = 104.875; but if it is known 
that the tabulated function is 


761 1521 3101 
f(x) = ae cart see 100, 


it is seen that f(}) = 200. The remainder-term is, in fact, 
1 
R=—f® = 95.125. 
i6 f® (© = 95.125 


53. If nothing whatever is known about the nature of the func- 
tion, we are rather at a loss as to the problem of interpolation. 
The best thing to do in such cases is, when possible, to reduce the 
interval so much that linear interpolation becomes possible. It is 
true, that even linear interpolation is not legitimate without con- 
sideration of the remainder-term; but in many cases it is possible, 
by means of simple physical or statistical considerations, to assert, 
with a considerable degree of certainty, that the function is prac- 
tically linear in a certain small interval. But no information about 
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the behaviour of the differential coefficients of advanced order is 
obtainable in this way. 

54. In certain cases where it is not possible to prove in a satis- 
factory way that the remainder-term is very small, it may yet be 
possible to assert that it is probably very small. For if we calculate 
a few divided differences of order n + 1 for arguments chosen 
at random, we may look upon these as samples of the order of mag- 


: 1 : , 
nitude of Geni f°* (. If A*+1is very small, this may, when 


the interval chosen as unit is sufficiently small, indicate that also 
f+» is very small. But this is far from being a safe criterion, 
especially as there may be a connection or correlation between the 
choice of arguments and the properties of the function. Thus, if 
the values of the two functions 


: (x) : + sin rx 
ees = — 1 
z+100° * x + 100 oe 


f@) = 
are given for x = 0, 1, 2, 3 and 4, and we form the two difference- 
tables, these will be identical and the differences will decrease 
rapidly, although the remainder-terms are very different. As the 
remainder-term for f is very small, the interpolation for f will pro- 
duce a good approximation, but not so in the case of g which at 
many points, for instance x = 3, differs greatly from f. 

55. It is unavoidable that, in the applications, cases occur where 
one is forced to interpolate, possibly even with differences of a high 
order, without having any idea whatever as to the influence of the 
remainder-term. The result of an interpolation under such cir- 
cumstances must be considered as an hypothesis, and not as a 
mathematically proved fact. 


§6. Factorial Coefficients 


56. In the theory of interpolation it is often necessary to ex- 
pand a power of x in factorials, or a factorial in powers of x. The 
coefficients occurring in such expansions will be called factorial 
coefficients, and we shall, in this section, occupy ourselves with the 
means of tabulating them. 
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The expansion of x’ in descending factorials is of the form 


r v Or 
PESTO a 
0 v! 


(1) 


The numbers A’ 0’ are usually, with a not too happily chosen 
name, called differences of nothing. They are defined by 


Ln pmg "= int — (Gf) Gn — 1) (G) (nm 12) =. - 


or 
Am Or = E (= 1" (0) (m= yr (2) 
If, in §2 (16), we put uw, = 2, v, = 2’, we find 
Loam =n Ar-12r+ (¢ +n) Era" 
whence, putting x = 0,n = m, 
LORS Pe LB Oya Se 


or, dividing by m!, 


Am Or +t A™ 0° A™-10° 


Hl eee apart 8) 


a relation which, together with the obvious values 


An om 


OP SA, = Famer (4) 


serves for the successive calculation of the coefficients in the ex- 
pansion (1). These coefficients are, as appears from (3) and (4), 
all positive. The values of the first few of them are given in the 
following table. 
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A A? A3 At AS AS Al A’ A® | are 
1! 2! 3! 4! 5! 6! ie 8! 9! 10! 

0! 1 

0? 1 1 

03 1 3 1 

04 1 ral 6 1 

05 1 15 25 10 il 

06 1 31 90 65 15 1 

07 1 63 301 350 140 21 i 

08 1 127 966 1701 1050 266 28 1 

0° | 255 | 3025 7770 6951 2646 462 36 1 

ote it 511 | 9330 | 34105 | 42525 | 22827 | 5880 750 45 1 


57. The same table may be used for determining the coeffi- 
cients in the expansion of x” in ascending factorials, or 


- "Or 
w= Ext-9 A (5) 


For if, in (1), we put x” = (—1)” (— x)” and replace, thereafter, 
x by — 2, we find 


r 4 Oye 
y= D (— 172" Ze” ae 

v=0 v! 
showing, by comparison with (5), that 


v" Or _ AO 
eed Gat ier a (6) 
Vv} Vis 


58. The development of x’ in central factorials 


r 6’0" 
y= rah) 
0 


(7) 


vy} 
leads to central differences of nothing, that is 
peal) A me ure DL) sak (oer) A costes 


or 


mora B(= 1) E =o). @) 
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If, in this formula, we unite the first and last term, the second and 
last but one term, etc., we find that 


6" 0r = 0 (m + r odd) 

°<F (9) 
sor=2>(-1’ (") G- v) (m + r even). 

v=0 


It follows from these relations that (7) may be replaced by 


k pd os 
pe =e 
mt (2r)! 


vier 1 gut! (10) 


k 
gett = pyPe td . 

v=0 (2p + 1) ! 
The central differences of nothing are dll positive. For it is seen, 


1 : p ; : 
that a 6” Or is the coefficient of x” in the expansion of 


(é ~¢) =Z(-1)’()e os 
0 
and these coefficients are all positive, as 


(¢ 4) [BS alg) 
yee! — oP) SL = i 
oan a CRE TTNS 


The following tables of the coefficients of even, and of odd, order 
have been calculated by (9). They contain the coefficients of the 
first, and second, respectively, of equations (10). It is seen that 
the expansion of a power of x in central factorials contains a smaller 
number of terms than the expansion in descending or ascending 
factor) 's. 
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62 | 54 | 68 | 68 | 9510 5 6 | 65 | 67 | 89 

21 | 4! | 6! | 8! | to! Best) Sl | ae ol 
220 (a ee a a al elie a ie 
of 4 1 03 + 1 

1 | 5 

oe fl 1 5| 1 08 6 Bi s | 
Oot) Ve oteh aa} 07 w 16 4 1 
oo |} 1 | 85] 147] 30] 1 Ue br hare Wes 


59. We now consider the expansion of the ascending factorial in 
powers of x 
g-n => pri (11) 
0 v! 
The numbers D’0‘-") are called differential coefficients of nothing. 
As the polynomial x‘-* -Y is formed from x") by multiplication 
by x + 7, we have by Leibnitz’ formula 


Dn 0Gr=) D~ Q(- 7) Dnm-1 OC 7) 


= 7 ——_—__ + ——____,, 12 
m! m! 7 (m — 1)! a) 
a relation which, together with the easily proved relations 
Dr 0c r) 


DI") =(r—D!}, 1 (13) 


r} 


serves for the successive calculation of these coefficients. They 
are all positive, as appears from (12) and (13). The first few of 
them are given in the following table. 


D D?2 D3 D4 D5 Ds Di D8 D3 pio 
Ae 2! 3! ar | Ste eth | a7 }-st. ot ao! 

gi» il ; i 

Q’-) 1 1 

y{-3) 2 3 1 

ol 6 ll 6 1 

o-8) 24 50 35 10 1 

of-) 120 274 225 85 15 1 

Q(-) 720 1764 1624 735 175 21 1 


0{-8) 5040| 13068} 13132] 6769] 1960] 322] 28] 1 
of» 40320} 109584] 118124} 67284] 22449] 4536] 546] 36 
0-10) || 362880] 1026576] 1172700] 723680] 269325] 63273] 9450} 870 


> 
ore 
= 
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60. From the identity 2 = (— 1)" (— x)” we derive 
D=ow D=0-") 
m! 


, (14) 


so that the same table may be used for determining the coefficients 
in the expansion 


D0 
go = z x” ——. (15) 


vy! 
61. The development of the central factorial in powers of xz 


girl = 22” ivalas (16) 
0 v! 
can be split up into two parts, as the expansion of x"*! contains only 
even powers of x, and the expansion of 2@* +1 only odd powers. 
Therefore, D™ Ol] = 0, if m + ris an odd number. The two ex- 
pansions are 


~ 


2», 
pie 
pal ~ (2r) 
k D? +1 9% +4 (17) 
coe = pie 
v=0 (2v + 1) ! 


As the non-vanishing coefficients in the expansion of 2!"] in powers 
of x have alternating signs, it is seen from (17) that D0 and 
D* +} 0% +1 have both the sign (— 1)’t*. 

The coefficients may be calculated by a recurrence formula. 
We first obtain from the identity ~@* +2] = (a — k?)x1, by Leib- 
nitz’ formula, 


D™ t+ — 
(@h—H) Da! + (7) Dt Dati) + Cf) D¥-ta™ DI@?— 1) 
= (v2 — k2) Dey 4 dye D124 4 (2p) D?% — 2 ltl 
consequently, if we put x = 0 and divide by (27)!, 
D® +21 Dp —-2 gla 0 oil 
BROS Tray CON 8 ce us) 
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the initial values being 


D20v) D2 ote 
= (— k—-1 = 120 = 


=1. (19) 


In a similar way, from the identity 


gtk+ = (ae at mw) gtk — 11 
4 


we obtain the recurrence formula 


D*” =} gl + 1) ” D” -1 gl —1) (2k 9 1)? D” sm tl l2k -1) 


eh) is 4 (Qu +1)! pet) 
the initial values being 
13... (2k — a D%-1 0ek-1 
[R= V0 (es ee a EN ee ee ee 
* er ( Oho (eee) a eee 


By means of these formulas the numbers in the following tables 
have been calculated. 


D2 | Ds | Ds | Ds | De D Ds | Ds | D7| DY 
a! | 4! | 6: | 8 io! sie ister not 
gl2 1 gh 1 
1 
ae [ iat, 
ol4l 1 1 ols A 1 
ole) 4) —5 1 ols) as 1 
16 2 
[3 1 oli 225 259 35 
0 —36 49| —14 ae ie 4 
liol 301 1 oll a ey Rts 
0 576| —820| 273] —30 Arlee 5B 


62. Asa control on the calculation of the tables in this section 
we may employ the following relations. From (11) we obtain 
for xz = l 

fp *) 


ey =r! (22) 
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and from (17) forz = 1 


5 LG (k> 1) 
: (23) 


= (— 1) = (9-4) (25—4)...[(@k—1)?—4] (E> 1). 


k D2vt1 gl2k-+4] 
Dy << 
v=0 (2p a3 1) ! 


Further, we obtain from (1), assuming r > 1, dividing by x and 
putting z = 0, 


fag 


S (— 1-1 =0 (r> 1) (24) 


v 


and from (10), by a similar process, 


ke §2"0?" 
GW ler Oa 8 
a ; (25) 
i = aie coe Qe DP ptt gx +1 7 
sk 1) ov (Qy + D! = 0 (k > 0). 


§7. Numerical Differentiation 


63. The problem of calculating, by means of a table of a fune- 
tion, the successive differential coefficients of the function, is called 
numerical differentiation. It is solved by expressing the required 
differential coefficient in terms of the successive differences of the 
function. 

As regards the first differential coefficient, the problem is im- 
mediately solved by the interpolation-formulas of §4. Thus, from 
the formula with descending differences, we get 


f@) #0) _2@-He-» @-y> 
x ie yl BS ee i rit” 
and from this, for x — 0, 
(epee ol 
0) = 2 —— 040) + Aja tn ee, 
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consequently, if everywhere, instead of f(t), we write f(t + 2), 


n y-l1 
SO ar fe) 4 So #9 (1) 


C2 
x being one of the arguments of the table. 
In a similar way we obtain from the formula with ascending 
differences 


Leal 1 
/ = iS v (n + 1) 
f’(@) mea TO a (é) (2) 
and from Stirling’s formula 
(1)? eee 


Qv+1 - 
@ tpt? ia) (1) Gr +)! 


finally from the interpolation-formula with central differences, 
§4 (33), 


r—1 
f'@) PRAT 


Vers os) afer 
eer 


ished een) 
(op + 1! 


et fats +R 
(4) 


aes DEG? (S) 


A formula with arbitrary arguments is obtained if, in §4(8), 
we transfer f(ao) to the left-hand side, divide by ay and let ay > 0. 
The result is 


f'(0) = f(0, a1) — a1 f(0, a1, G2) + Ai a2 f(0, A1, A2, 03) —... 
for) (é) (5) 


+(- 1) Oils. : ea thO; Oi; one BO) + (- 1)" aA, oe iy 


(n+1)! 
In this formula, @;, @, . . . @, denote the arguments measured 
from that point (the origin) at which the differential coefficient is 


required. 
64. The first few terms of the formulas (1) — (4) are, for prac- 


tical purposes, written 


DeKoetea oe ,.. (6) 


——— —— fertt) (é); : (3) 
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Wage IA Sheoa Nt 
tee cl Ria a ores Seyearay ta (7) 
idee Os -- Oe +o o08- aot... (8) 
6 140 
1 5 


— = -£3 SN 

ae RT: are 7168 

In the first three of these formulas, f(z) has been left out on both 

sides; in the last, f(z + 4). The practical application is so simple 

that it seems superfluous to give any numerical examples. The 

coefficients, being also coefficients in the remainder-term, show that 

the two last of these formulas, particularly the last one, are much 

to be preferred to the others, which, therefore, should only be used 
at the beginning and end of a table. 

65. If differential coefficients of higher order than the first are 
wanted, we may calculate a section of a table of f’(x), large enough 
for calculating a similar table of f’’(@), by the same formula; and 
in this way we may continue; the accuracy obtained being, at each 
step, controlled by the remainder-term. 

66. But we may also form a direct expression for the differ- 
ential coefficient of an arbitrary order. Let us, for abbreviation, 
write 


a+... (9) 


x, = (€ — a) (v@ —a1)... © —a,~-1),% = 1; 
(10) 
i, Cao) C — a) ons. C=, Sate 


Newton’s formula with divided differences is, then, written in the 
form 


Sa) = Ee S (Os, LO a,) + Xn 41, Qo, ++ Gn), (11) 
so that 


f™ (2) = 2 f (do, . . . 0,) D® x, + D™ [241 f(z, do,  « « @,)]- (12) 


We now consider the function 


Unt+1 


GL) Sop, 41 FE, Co, « . Oy) oe roe Th 


(13) 
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K denoting a constant. Assuming for the time being that all the 
a, are different, it is clear, on account of the factor x, 41, that 
g(x) vanishes at least n + 1 times. If we differentiate (13) m 
(<n) times, it is seen by repeated application of Rolle’s theorem 
that the function 


Loa ey 
(n+ 1)! 


vanishes at least 7 — m + 1 times in the interior of an interval lim- 
ited by the smallest and the largest of the numbers do, di, . . . Gn. 

Now, let t be a number, independent of x, and not belonging to 
the interior of the said interval (while ¢ may be one of the lim- 
iting points of the interval). It follows, in particular, that D”t, + 1 
+ 0; for D” a +1 has, according to Rolle’s theorem, exactly 
nm — m+ 1 roots which are all situated in the interior of the 
interval. It is, therefore, always possible to determine a particular 
value of K, such that 


o™ (x) z= J)™ rs a5 ane ripe a an)] —K (14) 


Dmins1 _ 9 
(n+)! — 


or p(t) = 0. If K has this value, »™ (x) must vanish at least 
n —m + 2 times, as the new root t has been added which must be 
different from the m — m + 1 others, since these all belong to the 
interior of the interval. But from this follows by Rolle’s theorem, 
if we differentiate (14) 7 — m + 1 times, that the function 9 * » (x) 
which may, by (11), be written 


gn +) (x) a= fiat) (x) —— 


DP line St Gos aa 


vanishes at least once in the interior of an interval, limited by the 
smallest and the largest of the numbers f, Qo, @1, .. . @,. Within 
this interval there exists, therefore, a number £, such that K = 
f“+ (&). We have, thus, proved the general relation 


ID io) Ne 
Dr tei iae. 10s) = fee? OnLDI (15) 


on the assumptions made as regards the position of t. 
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By (15) we obtain, finally, from (12) 


a Dex, 
fr @) = 2 fla...) Dez, + for? OF 
which is valid, like (15), provided only the variable does not belong 
to the interior of the interval limited by the smallest and the largest of 
the numbers do, G1, . . » Gn. 

It was assumed, for the time being, that all the a, are different; 
but this assumption may now be discarded, as all the terms in (16) 
retain a meaning, if two or more of the numbers a, coincide. 

67. (16) expresses that Newton’s formula with divided dif- 
ferences may be differentiated m( <n) times, exactly as if f* + (&) 
were a constant, provided the resulting formula is not used for 
values of the variable, situated between the smallest and the largest 
of the numbers Qo, Qi, . . . Gn. The same property appertains to 
formulas which—as Stirling’s formula, stopping at a difference of 
even order, and Bessel’s formula, stopping at a difference of odd 
order—are arithmetical means of particular cases of Newton’s 
formula with the same remainder-term. 

68. As a special case of (16) we obtain for x = 0,a, = v 


(16) 


D™ 0° Dm om +0 
(n + 1) 
smd (é) (ean 


! Mea 


ead Ui FO) 


or, replacing f(t) by f(@ + x), Markoff’s formula! 


Dow + 
(n + 1) pelea at tas 
ioe Ove _ 


3 


IT @) = 2 if F(x) (17) 
wherem Snandx<st<24N. 

The first term in this formula is, as might have been anticipated, 
A” f(x). The case n = m is of interest, as it shows with what 


degree of approximation A” f(x) and f™ (x) may replace each other. 
We find 


An fe) =f" @) +S Ie+” (B. (18) 


1 Markoff: Differenzenrechnung, p. 21, 
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The formula with ascending differences, corresponding to (17), 
is obtained by replacing A by V and D” 0 by D™ 0]. The re- 
sult is 


D=o- Dm o-n- 
(n + 1) ee 
smal (é) Gea 


sm (z) = EV" fl) (19) 


vy! 


69. In (16), it is only permissible to put x = 0, if all the a, have 
the same sign. In order to obtain a formula with central dif- 
ferences, corresponding to (17), we must, therefore, go back to 
(12). Applying Leibnitz’ theorem to the remainder-term, we write 
this formula 


f™ (et) =D flds,...a,)D"2, +R, (20) 


R= > (22) Die sae Sema c). (21) 
Now 
Dei (Es Ag, eo On) AND —— Pd (Lyte cons gs eet 3 ns 
the argument x being repeated m — v + 1 times; hence 


(m — v)! 


ee OE OTs ais Taree ae Ty 


i ap aides (é), 


so that, by inserting this value in (21), we get 


De tate 
ovl(m+tn—v+1)@-7FD 


wees 


v 


feat aD) (22) 


where, of course, need not have the same value in the different 
differential coefficients. 

Formula (20) with the remainder-term (22) is valid for all z; 
on the other hand the remainder-term is not so simple as that of 
(16); yet the complication is more apparent than real, and it is 
often possible, by means of (22), to find limits to the error involved. 

70. We find, for instance, differentiating Stirling’s formula an 
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even number of times, putting, after the differentiation, x = 0, 
and remembering that DQ”! = 0, 


r—1 J)2s gl?) 
(28) =) > 
fS7(0) 2 ay 


2s D’ gi"! = 


ps SY 
i y=ov! (2s + 2r — vy — 1)” il: () 


s’f(0) +R 


1 : 
If now we note that D’ 01-1 = er D’ +! Of), as is seen by ex- 
v 


panding xz!) in powers of x and dividing by z; and if we replace 
S@® by fi + 2), we finally obtain 


r—1 D* 0 [2] 
f™ (x) = = &” f(z) +R 
cece (apy 
(23) 
D*” gi") 


fem 


1Me 


ee eer ae?) 
1 (2v) 1 (2s + 2r — 2p) - =F (é). 


The formula for the second differential coefficient is particularly 
simple; we have 


ut me pdt iol 6” D? ity. (2r) 24 
Nai oh 7G 8k: fla) + Gord (é), (24) 
or, by §6 (19), 
f"(@) = 
r-1 _, Av — II os, a 2(r — 1) !P a (25) 
PAG 1B)! on) (i & f(z) + (= 1) seh m (8). 


71. If we differentiate Stirling’s formula an odd number of times 
and put, thereafter, x = 0, we find first 


r—1 J)%—1 Qld] -1 


fi —1) (0) —_ ae Nike es Elia 0) A R 
2s —1 D’o!"! —1 : oftos 
ae =“ Ga arpa pean 2) (¢) 
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and from this, in a similar way, 


r—1 28()[2v] 
sa 8-2) +R 


(28 —1) — 
! ©) Gear oa 
2 (26) 
Re 8 Ife. ol] jos fier eery S 
oe (29) 1 (28 Or ==) : 


For s = 1, we have again (8). 
72. An analogous set of formulas is obtained from Bessel’ 


formula. Thus, differentiating this formula an even number of 
times, we find for z = 0 

r—1 p72 o@tn-1 

POMC Peary ere A RC Pe 
vas (27)! 
Qs D’ oti 

= > (28 + 2r — v) 
R 2 pls + Bp a eas (®) 


and from this, as above, 
re | D+} oi + 1 
Oe fetH+R 


(2s) De — ee Ee 
See ont are Bs 
: Dt gertu (27) 

=m oe — 2v) (é). 


B= 2 @ TD! Qs + 2 — 2” 


For s = 1, we get 
"e+ = 
r—1)3 gl+1] r D3 Q2r+11 ve 2D ol oe 
2 3a! 3 (dy! SO f@ea ot 3n! aera aretha (E). (28) 
73. If, on the other hand, Bessel’s formula is differentiated an 
odd number of times, we find, for x = 0, 


r—1 NK2s4+1 9l2>4+ 1) 
eS aeons 


fe +h) G) = a (Qe te (29) 
oa DY OT fete) 


CS ea 
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and from this, as above, 


r-1 pst ge +1 


fer) (x +4) = 2 mT 


8 Dt get 
= 2 GED Oster mw Eye 


IG [Cee 3 
(30) 


R (2s + 2r — 2» + 1) (€). 


For s = 0, we have again (4). 
74. Yor practical purposes the formulas for the second differen- 
tial coefficient by (17), (19), (24) and (28) are written 


it 5 137 


Di= At— At+ At~2 ASH AS—..... (31) 
Dra VEE UE I Vt Ut (32) 
Dae (33) 
DP=o8-2 00+ >) oe - 5 o8t ... (34) 


In the first three of these formulas the factor f(z) has been left out; 
in the last, the factor is f(z + 4). The coefficients are, as far as 
the three first formulas are concerned, also coefficients of the re- 
mainder-term. The two first formulas are not of much practical 
value, and are only applied where central differences cannot be had. 

75. The Error-Test is immediately applicable to several of the 
above formulas. Confining ourselves to the case where the first 
neglected term does not vanish, the conditions for the applicability 
are: in the case of (1) and (17), that f*+” and f“+ keep their 
signs and have the same sign; in the case of (2) and (19), that 
f°” and f*+» keep their signs and have opposite signs; in 
the case of (3) and (4), that f@7 +) and f@" +® keep their signs and 
have the same sign; in the case of (24), that f@” and f@r +» keep 
their signs and have the same sign. 

76. <A problem related to numerical differentiation is the prob- 
lem of expressing a difference of a given order by means of the suc- 
cessive differential coefficients of the function. As regards the first 
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difference, the problem is solved by Taylor’s formula, and no further 
comments are necessary. As regards the differences of higher 
order, a formula of a similar nature to (16) may be derived by the 
following considerations. 

Let g(x) be defined by 


ny” ey 0 K gnrtl 35 
= ae Te 2s) eae 
o(t) = f(2) — 2% f 0) —K a (35) 
K denoting a constant. For this function g(r) we have 
ey (0) = 0 (y= 0S 257.7. 49), (36) 
gy” +1) (x) — f* + 1) (x) aie (37) 
Therefore, by Maclaurin’s formula, assuming m <n, 
n—m a” —m+1 
(m) a sey at (() ee ee HL) (Q 
e™ (x) oe ate A SITE pal (0) 
(38) 
neers (n +1) 0 
Now, let @ (Qo, Gi, . . - Gm) and (do, GQ, ... Gm)” denote the 


m* divided differences of g(x) and x” respectively, formed with the 
arguments Qo, Qi, . . . Gm. AS (Qo, Gi, . . . Gm)” = O for » < m, 
we obtain from (85) 


iz (do, 


(do, ..- Am) = fo, ..+Om) — 3 So ol poy (0) = ores 2 Im) 


(n+ 1)! 
We assume, next, that all the a, have the same sign (or vanish); 


neglecting the trivial case where the a, are all zero, we may, for 
instance, assume that 


a,=0 (v=0,1,...™), (40) 


Jeo 


as the proof may be repeated line for line in the case where the a, 
are negative instead of positive. 
As we have 


Dat eae eal 
mio m 


Jenne (41) 


(Gepncccs Gn) oe 
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this expression must, then, be positive, & being situated between the 
smallest and the largest of the numbers a,. It is, therefore, pos- 
sible to find a number K, such that the equation 


(do, sue) Lat * * 


=e I (0) rir 


. 


f (do, + Om) aT 2 


*, (do, on Om) (42) 


is satisfied and, consequently, 
OO oys o isce Gm), = 0. (43) 
On the other hand we have 
o™ (€) 


m! 


¢(do, eWalts Am) == ’ (44) 


the new é being also positive. Therefore, by (388) and (387), 


Ears 
Go a) SS Se (n+) (6 
Oe ) m\i(n—m+1)!* 6) 
SRE a 
= [fe +» (6) — 


m!(n—-—m-+1)! 


where 0 < 6 < & But from this follows, — being positive, that 
g(Qo, . . . Gm) can only vanish, if K = f*+"(@). Inserting this 
value in (42), we find finally, writing é instead of @, 

(ane. Gan) (Go,s0 aon 


S(@o, ++ +Om) = airs (OL Sa pga, ae @) (n+ 1)! 


on the assumption that all the a, have the same sign (or vanish). 

77. As an application, we will take a, = ». We obtain then, 
multiplying by m! and replacing f(t) by f(é + x), the following 
formula which is also due to Markoff (l.c., p. 23): 


aoe Q” 


(45) 


Ania) = 2 J @)“—+ fer 7 (4s) 


aaa z r r 

The application of the Error-Test to this formula leads to the 
result that the error is numerically smaller than the first neglected 
term and has the same sign, if this term does not vanish, and if 
f+» and f* +” keep their signs and have opposite signs. 
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78. The corresponding formula for 6” f(x) is not obtained by this 
method, as we have assumed that all the a, have the same sign. It 
can be obtained from (11), performing 6” on both sides and putting, 
thereafter, x =a, = a, = ... =a, =0. The remainder-term is 
first transformed by §2 (18), whereafter the unknown differences 
are replaced by differential coefficients with unknown arguments 
~. We shall not, however, go into details, as these formulas are 
not of much importance from a practical point of view. 


§ 8. Construction of Tables 


79. One of the most important applications of the theory of 
interpolation is its application to the construction of tables. If the 
function to be tabulated isa polynomial of low degree, the applica- 
tion is immediate. If, for instance, we want to tabulate the func- 
tion f(z) = 3x — 2° for intervals of 0.01, we may proceed as shown 
in the following section of the calculation. 


x 38a — x A LA? LS 
0.00 0.000000 
29999 
0.01 0.029999 ae. at 
29993 6 
0.02 0.059992 — 
ates 29981 as —6 
cO La ee ee 
0.05 0.149875 sit —30 = 
rats 
0.06 0.179784 ee 36 


0.07 0.209657 


The third difference being constant, it is only necessary to cal- 
culate the 4 first values of the function directly; these have, in the 
table, been indicated by a frame. All the remainder of the calcula- 
tion consists of subtractions and additions. We first form all the 
differences (of the first, second and third order) which can be formed 
by the 4 directly calculated values; then the column headed A? 
may be filled up, as this difference is constant; thereafter, in suc- 
cession, the columns A?, A and f(z). As a control, we may before- 
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hand calculate directly a Suitable number of values of f(x), e.g., 
every tenth. 

80. In more complicated cases we calculate directly a number 
of equidistant values of the function, for a suitable interval, and, 
thereafter, subdivide the interval by means of a method, due, in 
principle, to Briggs.! 

The first step is, by means of the given differences of various orders, 
corresponding to the larger interval, to calculate the corresponding 
differences for the smaller interval. 

We have by Stirling’s formula, leaving aside the remainder-term 
Et — E-* aa (2 — 1) (2 — 4) 


3 
On =O6+ Boer BI ace) 


and by Bessel’s formula 


BE? @t-3 @-D@t-* 
meal Ye es Eee CT Ay a Ea ae 2 
Dey a 3! cd on we 2) 
If we introduce the notation 
h _h 
On = E Pas i - (3) 


we therefore have, by (1), if for x we take a positive integer n, 


(n? — 1) W— 4) 
3! 5! 


— &, = 
Qn 


Ge + 2. a, GC) 


the expansion containing only a finite number of terms, so that no 
consideration of the remainder-term is needed, if all the terms in 
(4) are used. 
If, in (2), we put z = = uw denoting an odd positive number, we 
obtain the following expansion which is also finite 
1 Sa = DAG 2) 


= fnemltate aon e+ 


ae pent ee odd) 


1Thiele: Interpolationsrechnung §28, 
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Repetitions of the operation : 6, may be expressed by multi- 
r 

plying (4) or (5) several times by itself. In the case of (4), all even 

: & 

powers of ( may be removed by means of the relation O? = 1 + ve 


so that the result at most contains the first power of 0, while every- 
thing else is expressed by 6. The expansions obtained in this way 
are, of course, also finite. 

81. We obtain, for instance, from (4) forn = 1, leaving out dif- 
ferences of higher order than the 8%, 


te = O06 
3 62)? = & + 7 
bays=oOe+i08 
% 5o)* = 6 + § 55 + We 8 6 
Gay =OFtsoe+.. o 
(Fd:)¢ = e+ 308+... 
CS nit eat 
¥6.)8 = 8+... 


Bis) oem.) ass geo. 

Lids) aie) 8? ed 0) oe oe 

4 b)' = +H e+ RL... a) 
£63)? = O 3 0' 


and for » = 5 


0.26, = 6 + & + 0.26 
(0;265)? = 64-264 -- 140° + 0146* 
(0.265)§ = 6° + 365 + 3.667 +... 
(0.26,)4 = 64 + 46° + 6.888 +... (8) 
(0.265)> = 6 + 58’ +... 
(0.265) = 6° + 66+... 
(0265) nO ee 
(0,255)8 I 68 + Ao 6 
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These expansions are, as has already been said, finite; and it is 
possible, without much trouble, to find limits to the error com- 
mitted in leaving out differences above a certain order; for, an 
upper limit to |f” (£)| is, at the same time, an upper limit to ls” 
compare the last numerical example below. 

82. The application of (4) and (5) is best explained by means 
of a few numerical examples. In the table below, the values of a 
polynomial f(x) of the fourth degree have been given for the argu- 
ments 50, 55, 60, 65, 70 and 75. It is desired to find the values 
of f(x) for x = 61, 62, 63 and 64. It is, therefore, a question of 
subdividing the interval from 60 to 65 into 5 parts. For this pur- 
pose we apply (8) in the following manner: 


’ 


re f(z) 0.285 (0.265)? (0.28) | (.25s)4 
50 500 
116.0 
55 1080 15.92 
195.6 1.200 
60 2058 21792 0.0384 
305.2 1.392 
65 3584 28 88 —. 0.0384 
449.6 1.584 
70 582 36.80 
633.6 
75 9000 
x f(z) 5 3 58 54 
60 2058 21.8432 0.0384 
ae 256. 1376 1.3152 
61 2314. 1376 23.1584 0.0384 
279.2960 1.3536 
62 2593. 4336 24.5120 0.0384 
303. 8080 1.392 
63 2807. 2416 25.90 0.0384 
/ 329.7120 ~ 1.4304 ‘ 
64 3226. 9536 97.3344 038 
ee | 387.0464 1.4688 Dae 
65 3584 28 8032 0.0384 


We begin by calculating the quantities 0.265, (0.26;)?, etc.; each 
of these is calculated from the preceding column by subtracting 
two neighbouring values from each other and multiplying the result 
by 0.2 (with a little practice these two operations may be performed 
simultaneously). 
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Of the table thus obtained, use is only made of the underlined fig- 
ures. By means of these, we form the underlined figures in the next 
table, beginning from the right, the working equations being, by (8), 


54 = (0.265)4, 6% = (0.265), 6% = (0.285)? — 284, 8 = 0.26, — 83, 


as all differences of higher order than the fourth vanish, our poly- 
nomial being of the fourth degree. 

As 6 is a constant, the column headed 6‘ may at once be filled 
up. Next, we fill up the column 6%, from the known middle value 
upwards by subtraction, and downwards by addition, of 64. The 
column ® is filled up, as regards the upper half, by addition, and, 
as regards the lower half, by subtraction, of 6°; as a check we have 
that the difference between the two middle values must be 1.3920. 
In this way we may continue, until the column headed f(x) has been 
filled up. 

83. At the beginning and end of a table this method cannot al- 
ways be employed, as central differences are not usually available 
here. In such cases it becomes necessary to interpolate by the 
usual methods for each separate value of the function. 

84. The subdivision into an even number of parts is usually a 
little more complicated, as in this case 0) 6” occurs in the formulas. 
As an example we give a table of a polynomial of the fourth degree 
and propose to halve the intervals from 0.30 to 0.80. 


L f(x) 282 (262)? (362)8 (252)4 
0.10 2.9401 0.08925 
0.20 2.7616 0.14675 —0.02875 0.00075 
0.30 2.4681 0.20125 —0.02725 0.00105 0.00015 
0.40 2.0656 0.25155 —0.02515 0.00135 15 
0.50 1.5625 _0.29645 —0.02245 0.00165 15 
0.60 0.9696 0.33475 —0.01915 0.00195 15 
0.7 0.3001 0.36595 —0.01525 0.00225 15 
0.80 —0. 4304 _0.38675 —0.01075 0.00255 15 
0.90 —1.2039 0.39805 —0.00565 


1.00 —2.0000 
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x f(z) 5 08 8 53 oa | 8s 
0:20: |) 2468) || see were =0.0272875|. yog7s 0.00015 
0.35 |} 2.28000625] ss angos| ~0-20125|—0.0263125], 4, 19,{0-00105 15 
0.40 || 2.0656 |_9. 23950375 = 0.0251875 1, ogi975 a2 
0.45 | 1.82600625| | sscngns| _0- 25155|0-0239125], 4 4op|0-00135 15 
Gib0 let, 0625 |e ee —0.0224875), sar a7s 15 
0.55 |} 1.27650625| a pangos|—0- 29645] 0.020915. 90, 795|0-00165 15 
0-60} 0.9698 |--0. 32609875 70-01918751) ooig7s me 
0.65 || 0.64350625) | 345 sagys|—0-38475|—0.0173125], oq y,[0-00195 15 
0-70 || 0.3001 |_-0. 35869375 ee es oon ES 
0.75 ||—0.05859375| 1 47 gngos| 0 36525] —0.0131125], a5|0-00225 15 


0.80 ||/—0. 4304 —0.0107875 15 


We begin by forming the columns headed (3 62)”, as shown in the 
table. The underlined figures in the following table are obtained 
(from right to left) by the formulas 


bt = (3 52)4, FO = (3 d0)%, = (3 52)? — 264, O05 = 3 ds, 


resulting from (6). As 6 is constant, this column may immedi- 


ately be filled up. We may, next, obtain 6? by means of 0 6 and 
the formula 


E}sr = Oo 4 har+}, (9) 


the numbers in the column of 6 being displaced half an interval in 
comparison with (16%. Thereafter, we fill up the column & by 
means of 6°, the previously calculated values of 6 serving as a 
check on the calculation. We are, now, able to form 6 by means 
of 06 and &, making use of (9); finally the required values of f(x) 
are found by 6. 

In practice, 6” and O 6” are written in the same column, in order 
to save space; here, we have placed them in separate columns in 
order to make the explanation easier. 

85. There is another way of halving intervals which is often 
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preferable, especially when an arithmometer is available. If, in 
Bessel’s formula, we put « = 0, we obtain, leaving out the re- 
mainder-term, the symbolical formula 


elas 3252 
l= aie UF + yO arp e+... 
(10) 
i 3 5 
Se ye oh = eee 
a( 3° © j98 ona? T ) 


The application of this important formula to the case in hand 
can be seen from the table below and leads, of course, to the same 
result as before. 


| : AO ey Bea 
eas) 2 e Y 8 128 8 | 128 
1 2.9401 
ne 9401) 9.1785 
0.20 || 2.7616 —0.1150 
—0. 2935 0.0060 
0.30 || 2.4681 —0. 1090 0.0024] 2.48178125 . 
—0. 4025 0.0084 2. 28000628 
0.40 || 2.0656 —0.10 24} 2.07823125 
—0.5031 055 0108 "| 1. 82600625 
0.50 || 1.562 ~0.0 24] 1.57378125 
625) _ 9 5999 89815 0132 1. 27650625 
0.60 || 0. ~0.0 241 0.97923125 
9696) _ 0) 6605 7661) 0156 : 0. 64350625 
0.70 ~0.0 24| 0.30778125 
Oe 07308 6105 o180 | 205850375 
0.80 || —0. —0.043 24|—0. 42496875 
Oe 0.7785 00204 p 
0.90 || —1.2039 ~0.0226 
—0.7961 
1.00 || —2.0000 


86. The kind of subdivision of intervals, most frequently occur- 
ring, is the subdivision of intervals into ten equal parts. It may, 
of course, be done directly, but it is more convenient first to per- 
form a halving, and then a subdivision into five parts, of the in- 
terval. Generally speaking, if a subdivision into an even num- 
ber of intervals is to be performed, it is preferable to begin with 
the required number of halvings and, thereafter, subdivide into 
an odd number of intervals. 
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87. If the given values of the function are not exact, but ap- 
proximate, numbers, the method remains, in principle, the same. 
The question of interpolating under these circumstances was dealt 
with in §5, and we may, on the whole, refer to the observations 
made there. As a guide to the treatment of the remainder-term 
in the formulas (4) and (5), if we stop at differences of a certain 
order, we shall, however, add one more example. 


x log x 453 (363)? (353)8 (353)4 


0.0084353 
—1549 
79707 BA 
—1387 a 
75547 46 ei 
— —1249 = == 
71800 39 fin 
—1132 
68403 
x log x 6 &? 53 54 
56 1.748188 —13 = 
0.0076868 si 49 a 
57 1.755875 —1336 im 
> | 0.0075532 46 : 
58 1;763408. | =|) 1091 — 2 
0.0074241 44 
59 1.770852 —1247 -2 


In the above table, the values of log 2 with six decimals have 
been given for x = 50, 53, 56, 59, 62 and 65; it is desired to sub- 
divide the interval from 56 to 59 into three equal parts. 

From f(x) = log x we find 


M(v — 1)! 


f{ (v) =(—1)"-! S (M = 0.43429448 . . .) 


so that 


+ Miv—-D! ee (vy — 1)! 


al = fo (é)| = a 1 
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If, in (7), we neglect fifth and higher differences, this system of 
equations assumes the form 


263 = 6+35 
G 53)? = & + 3 64 
(f 63)* = # see 
(3 53)4 = 64 


The first of these equations is exact. In the following ones, the 
errors are respectively 


1 56 
9 
aE Hot saat oP les 
$68 + 2 8 4 54 6 + GL OY, } 
: 384 : ‘ 
Now, |35| < i090? or less than 4 units of the 8” decimal, and the upper 


limit to the following differences as far as 6” is still smaller. The 
error committed in using (11) for the calculation of 6 can, there- 
fore, as appears from the coefficients in (12), not influence the 
sixth decimal and is, consequently, within the errors already present 
in the given values of the function. The calculation is, therefore, 
performed exactly as if all the figures were exact; we refer for de- 
tails to the table above, where the resulting values of log 57 and log 
58 are only influenced by the errors present in the last decimal of 
the given values of log z. 

We need hardly add that the methods given in this section 
are chiefly of importance in the case of the construction of tables 
of comparatively great extent. 


§ 9. Inverse Interpolation 


88. The problem we have solved in §4 is, to calculate the value 
of f(x) corresponding to a given x. The opposite problem: to 
calculate the argument, the value of the function being given, is 
called inverse interpolation. In that case, the given value of the 
function is usually zero; whether this be so or not, it is seen that 
inverse interpolation is equivalent to the determination of a root 
of an equation. This is, in fact, the practical point of view which, 
therefore, we will adopt. We do not, however, propose to occupy 
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ourselves with all the methods which have been invented for the 
numerical calculation of the roots of an equation.1 We confine 
ourselves to the methods founded on the principles of the theory 
of interpolation from which follows, for instance, that we shall 
only occupy ourselves with the calculation of the real roots of the 
equation. 

89. Theoretically, the problem may be said to have been solved 

already by Newton’s formula with divided differences. For, if we 
have to do with divided differences, argument and function are 
only two names for the same thing, and the general formula remains 
the same, if they are exchanged. We need, therefore, only take 
f(x) as argument, x as function, and form the divided differences, 
after which the problem is one of direct interpolation. But in 
practice there is the difference that even if f(@) is a simple function, 
the inverse function may be troublesome, e.g. be many-valued, 
possess discontinuities, etc., so that the remainder-term causes 
difficulties. We therefore formulate the problem in the following 
way. x. 
Let the given equation be g(y) = 0. We put x = ¢(y) whence 
y = f(x), so that f is the inverse function to yg. We assume that we 
possess 4 number of values of x corresponding to given values of y; 
these we put together in a table of f(z). We now commence by 
examining whether f(x), within an interval containing x = 0 and 
the given values of x, is real, single-valued and possesses continuous 
differential coefficients up to and including a certain order n + 1. 
If this is the case, we may apply Newton’s formula and find for the 
required root, putting x = 0, in accordance with §4(8) 


S(O) =f(@o) — Aofit Aeife—...+(—D"aom...GiAf,tR 
farD (¢) (1) 


R= (—1)*+!aoa... a,°>———~. 
( ) OM) (n ae 1)! 

90. If y, as is often the case, is a comparatively simple func- 
tion, we may, instead of applying the remainder-term, insert the 
value of the root found in the given equation and, in this way, 
satisfy ourselves that the approximation obtained is sufficient. 


1See, for instance, Whittaker and Robinson: The Calculus of Observa- 
tions, Chapter VI, or: Runge und Konig: Numerisches Rechnen, §§49-56. 
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91. As an example, let us assume that the value of an annuity- 
certain for 30 years is 20, the annual payment being 1, and let us 
attempt to calculate the rate of interest implied. The equation to 
be solved by (1) is, then, 


oon ey 
¢ (y) = —————_ - 20 = 0. 
y 
Now we find in an interest-table 
Rate of interest 30-years annuity 
23% 20.9303 
3% 19.6004 
32% 18.3920 


If, therefore, o(y) is denoted by z, and y by f(a), we may form the 
following table 


xz f(z) fi Ss 
0.9303 0.025 t 2. 
—0.3996 0.030 Eee 0.00014892 
—1.6080 0.035 ; 


It is not difficult to ascertain that, within the interval considered, 
f(x) satisfies the conditions mentioned above, so that (1) may be 
applied. We thus obtain, leaving aside the remainder-term, 


f(0) =0.025 + 0.9303 x 0.0037597 — 0.9303 x 0.3996 x 0.00014892 
= 0.028442, 


being the required rate of interest. 

If we insert this value in the equation, we see that it is a trifle 
too small, while it is found that 0.028450 is a trifle too large. The 
correct value to 6 places of decimals is, in fact, 0.028446. 

92. In cases where the interval is so small that we need not go 
further than the second difference, the problem is sometimes, in 
order to avoid the divided differences, treated by forming the ordt- 
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nary difference-table and solving an equation of the second degree. 
Using the same example, we form the table 


y ¢ (y) A Xe 
0.025 0.9303 Shad 
0.030 —0.3996 anes 0.1215 
0.035 —1.6080 se as 


Putting y = 0.025 + 0.0052, we find by the interpolation-formula 
with descending differences, leaving aside the remainder-term, 


0 = 0.9303 — 1.32992 + 0125 7 = 
or 
0.060752? — 1.390652 + 0.9303 = 0, 
whence 
x «= 0.6898 . 
y = 0.025 + 0.6898 X 0.005 
= 0.028449, 


being slightly too large. Here, as before, it is necessary, if the 
remainder-term is left aside, to test, by insertion in the given equa- 
tion, how many figures of the result can be relied upon. 

93. The most frequently applied method is, however, neither of 
these, but simply repeated application of linear interpolation. In 
this case, too, the remainder-term is left aside, and the degree of 
approximation obtained is controlled by insertion of the result in 
the given equation. 

As an example, let us calculate the positive root of the equation 


There is evidently only one such root. In order to find it, we may 
leave the equation as it stands; but it is slightly more convenient 
to write the equation in the form 


x loge + logx = 0. 
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We now put 
y =zxloge + logz 


and calculate, step by step, the following table 


x y 
0.5 —0.0839 
0.6 0.0387 
0.5684 0.0015 
0.5671 —0.000052 
0.5672 0.000068 


It is first found, by trial, that the root is situated between 0.5 
and 0.6. In thus locating the root, we compute with the smallest 
possible number of figures; two figures will do. The two first values 
of y are now calculated to four places. Thereafter, the next argu- 
ment x is calculated by linear interpolation, that is 

0.0839 
x=05+0.1 Tele 8 0.5684, 
and the corresponding value of y can be calculated to four places. 
By means of the last value of x found and the one that is nearest 
to it, or x = 0.6, we interpolate a new x 
0.0316 
x = 0.5684 — 0.0015 o087a = 0.5671, 
and the corresponding value of y is calculated to six places. 

It is seen that we are now very close to the desired root, and 
that this must be either 0.5671 or 0.5672, if we are content with 
four figures in the root. We therefore need not interpolate any 
more, but in order to decide between the two values, we still calcu- 
late the value of y corresponding to x = 0.5672, and find that x 
= 0.5671 is preferable. 

In this way, the approximation may evidently be carried as far, 
as we wish. At the same time we have, in the direct calculation of 
y, a most efficient check on the correctness of the calculation. 
It is evidently of importance, not to make the calculation with 
more figures than necessary and, therefore, to begin with few figures 
and only to introduce more figures when they are actually required. 
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94. A fourth method makes use of divided differences with re- 
peated argument... This method is, however, only applicable in the 
case of algebraical equations and, practically, only if these are of a 
low degree, while the methods given above are also applicable to 
transcendental equations. 

We have shown (§3(14)) that if all the arguments coincide, then 


f, ’s f® (Xo) 


ip\! 


@o=4= 5 =e. (2) 


If, therefore, we. write the equation in the form 
$@) =fot ti trfet... +2, = 0, (3) 


then the coefficients are divided differences with the repeated argu- 
ment zero. These are, then, immediately read off and inserted 
in the difference-table. 

Let us, as an example, consider the equation 


x’ — 22-—5=0, (4) 
an equation which is seen to possess only one real root. We may, 


then, immediately write down that portion of the difference-table 
below which corresponds to the four first identical arguments.? 


x f(x) fi fe fs 
0 —5 
—2 
0 —5 0 
—2 1 
0 —5 0 
—2 1 
0 —5 2 
2 1 
2 -—l 4.1 
10.61 1 
Pao 0.061 6.2 
11628 1 
MoM 0.061 G23 
EIS23: 1 
Peet 0.061 6. 294. 
11.19569 eens 


2.09455 —0.0000165 


1 Thiele: Interpolationsrechnung §9. 


? In practice, only the ascending line of divided differences —5, —2, 0, 1 
is written. 
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As the third divided difference is constant, the column headed 
fs may immediately be filled up. The required root is evidently 
situated in the neighbourhood of 2; we therefore add the argu- 
ment 2 inthe argument-column. In order to calculate the correspond- 
ing part of the difference-table we note that, according to §3(1), we 
have generally 


Pi, cbs, es Pe) fla, Lay ore Se) ae — LO os eee es D) 


a relation which is also valid for coinciding arguments. 

We find, thus, in succession, f; being known, fz = 2, fi = 2, 
f(2) = -—1, and insert these values in their places in the differ- 
ence table. 

We now try the argument + = 2.1. We find in succession, by 
(5), fe = 4.1, fi = 10.61, f(2.1) = 0.061, so that we have now to a 
considerable degree approached the root. We might continue in 
the same way, choosing the next time an argument, situated between 
2 and 2.1 but closer to the latter value. But, having already got 
so close to the root, the calculation may be abbreviated by repeat- 
ing the last argument, as shown in the table, so that it occurs 3 
times altogether. At the first repetition, we calculate f. = 6.2, 
then f; = 11.23, while f(2.1) is given and = 0.061. At the second 
repetition, we need only calculate fz = 6.3, f: and f(2.1) being given. 
The divided differences formed with the repeated argument 2.1 
are the coefficients in our equation, written in the form 


0.061 + 11.23 (x — 2.1) + 6.3 (x — 2.1)? + (x — 2.1)? =0; (6) 


if, in this, we neglect the third power of (x — 2.1) and solve the 
quadratic, we get x = 2.09455. 

As a check, we insert this value as the last argument and calcu- 
late, by (5), fe = 6.29455, fi = 11.19569, f(2.09455) = — 0.0000165, 
showing that the value found is slightly too low. If greater ac- 
curacy is required, the argument 2.09455 may be repeated. The 
five decimals prove to be all correct. 

95. The same method may evidently be used for the extrac- 
tion of roots. In the case of extraction of square roots, towards 
the end of the calculation, instead of solving as above a quadratic 
- equation, we repeat the argument once and solve a linear equation. 
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If, for instance, we want to extract the square root of 4819, we 


put “s 
f(x) = 4819 — 2? = 0, 


and the calculation proceeds as shown in the table. 


z f(z) tft | fr 

0 4819 0 

0 4819 0 -l1 
0 4819 _70 —1 
70 —81 _139 —1 
se ie = 130.4 pe 
69.4 2.64 Bente -1 
69.4 2.64 138.819 —1 
69.4190 0.0024 


~ 


The repetition of the argument 69.4 leads to the equation 
2.64 — 138.8 (x — 69.4) — (w — 69.4)? = 0 


where the last term may be neglected. From the linear equation 
we then get x = 69.4190, and the calculation of the value of f(x) 
corresponding to this argument shows that we need not go any 
further, unless we want more decimals in the result. 


§10. Elementary Methods of Summation 


96. We shall here occupy ourselves with some elementary sum- 
mation problems which are solved by means of the methods of the 
theory of interpolation. 

The problem of finding the sum 


B 
BI) = {e) a Tote ba = eg) (1) 


is evidently solved, if we know a function (x), such that A ®(x) 
= f(z). For we obtain by summation of the latter equation 


B 
2 fh) OR l) = O(a). (2) 
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The function (7) need strictly only be defined at the points 
Z=a,ae+1,..., 8+ 1; in the intervals between these points 
we may leave (x) undefined or define it in any manner we please; 
but as a rule a natural choice of a continuous function presents 
itself. 

97. By means of these simple remarks we are enabled to solve 
a number of important elementary problems. Thus, from A x°+) 
= (r + 1) x™ and the analogous relations we find immediately 
n—-1 n—1 (eral) Eas (ri) a ak (r+ 1) 


220 = > cs sEgo = _; 2 gh = : 
0 r r+l. r+1 ; r+il 


(3) 


These relations are quite analogous to the integration-formula 


{7 me he n+ 2 
0 r+1 

98. By means of (3) every polynomial in x may be summed. 
For we may, as shown in No. 14, expand the polynomial in 
one of the factorials x”, 2‘-” or x” and, thereafter, employ (3). 
The result may, if desired, again be expressed in ordinary powers 


1 
If, for instance, 


O@y= > cat= = A’ Q(0), 
r=0 y=0 VS 
we find 
n—-1 m net) Q 
> ay 2 A” Q(0 
eee) y= (vy +1)! 0) 
In particular 
n—1 r (» +1) 
ee ore A’ Or. (4) 


2 
z=0 r=o(v+ 1)! 
More general limits of summation are easily introduced. Thus 


6 _—™(B+1E+Y) — ah th 
ed hale: ein 


1 Another method of summation will be mentioned in §13. 


A’ Q(0). 
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It may be noted that the formula employed in No. 40 for the 
sum of the squares of the odd numbers is a particular case of the 


last formula (3) from which we obtain, for r = 2, 


or 


a n(4n?2 — 1) 


(22h eee Oni 1)? ; 


(9) 
This formula may, of course, also be derived by putting 


Q(x) = (2a + 1)? = 14 4x 4+ 42? 


and using any of the above methods. 
99. The same method of summation may be used with respect 
to the inverse factorial, or 


~ 


1 
eel). .@+- rH 1) 


For we have 


1 —T 
Pn rhe 0 MEG eet (6) 


and hence 
ie 1 


pas i = 1 
ne lye. (@ +1) 


node)... prea) 


(7) 


1 
aS 


Irom this, an expression for the sum, taken between arbitrary 
limits, is easily derived; we need not write it down. 
100. Ixpressions of the form 


Q(x) 
wa+i)...@+7) (8) 


may sometimes be summed, as is scen by expanding Q(z) in ascend- 


ing factorials. If, however, this leads to terms of the form 


pele. 
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the summation can only be performed with approximation, by 
means of methods to be developed later on. Corresponding re- 
marks may be made concerning expressions of the form 


Q(x) 9) 
(¢+m) (atm)... (e@+n,)’ 


the numbers n, being integers. If the numerator and denominator 
are multiplied by suitable factors, we obtain the form (8). 

101. Many trigonometrical expressions may be summed by sim- 
ilar means. Thus, by summing the identity 


A sin(z —4)a= 2sin 5 cos 2a 


we obtain the formula, used in the theory of the trigonometrical 
series, 


n 7 i 
+ 2 cos za = ae, (10) 
1 


a 
250 — 
sin 5 


Nie 


102. A general formula which is of great use in many sum- 
mation problems, is the formula for partial swmmation, which is 
analogous to the formula for partial integration. We obtain im- 
mediately, from the identity 


AUuzvz a Ul SO) + Vz +1 AU, ,) (11) 


the desired formula 


n—1 nm m—t 
DUAN Ez | DM ae LN Ue, (12) 
0 eat 
103. As an application of this formula we will show how ex- 
pressions of the form a?Q(x) can be summed, Q(x) denoting, as 
before, a polynomial. 
We have, fora + 1, 


n—l1 n-1 


1 
> at Q(x) a ae z Q(z) Aart, 
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hence, if, in (12), we put uz = QO), 0; =a, 


~ 


n—1 1 é n porate Wy 13 
ze) = [eam] —"Zeraem}. as 


By means of this formula, the problem is reduced to the sum- 
mation of a7A Q(z), the polynomial by. which a? is multiplied being 
one degree lower than in the original expression. The new sum- 
mation-problem may, in the same way, be reduced to the summa- 
tion of a*A?Q(x), and so on, until we arrive at the summation of 
a? which is immediately performed. 

If, by Df(x) or the indefinite swm (an analogue of the indefinite 
integral), we understand the sum from a constant but not speci- 
fied number to x — 1, we have, according to (13), 


Za? Q(x) = —Q@) Sp rey ie AQ@) + C, (14) 


C being a constant which, as in the integtal calculus, is determined 
by the insertion of limits. We then find, by repeated application 
of (14), if Q(x) has the degree r, 


2 a-Q(z) = — -1)(—4 : 2) nae) +0. (15) 


If, for instance, Q(x) = x, we get, from (15), 
a? a 
Dara seat jets erga 5 1 (¥) (rt — ») 
reais AS pe (— —y rs +C, 
whence 


n-1 a" * a v a r r! 
D atx (*)—— SNH | == (¥) oo (r—») —1)rtl ) a 
Barn =O 3—1){ —S Jrrneg (en (16) 


a-—l/a-l1 


We may, of course, also use this formula for summing any poly- 
nomial, multiplied by a, if we begin by expanding the polynomial 
in descending factorials. 

104. Functions of the form 


at cos ba.Q(x) or a*sin br.Q(zx) (17) 
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may be summed by a similar process; most simply by expressing 
cos bx and sin bx by means of exponentials. 

105. Most of the formulas derived here may be generalized by 
a linear transformation of the argument, putting 2 = h + ky. 
We shall not go into details, but confine ourselves to pointing out, 
that if uz. = ax + b, then 


PNG a aes ol Ue 4 ET dy ite ating.) oRLO) 


and consequently 


DUeptlege 6 ss User = ——— UAlet «Ue + C; 19 
414242 + a(r+1) +1 ote = ( ) 
further 
1 —al 1 
s Nee Soy ie SIS becom Dee 15 
Uses 41+ 6 - Ur+yp Usls41-.- User di 
and hence 
1 1 1 
»-—————— 4+C, (21) 
TH) A ae a | Se OWrs-1) tier os. Us+r 


(19) and (21) corresponding to the second equation (3) and (7) 
respectively. 

106. A theorem which is often of great use for the transforma- 
tion of summation-problems is the identity 


B y B 
2, Wa, SS D2 


y=at=a iz 


B 
Zz Wey (22) 
=2 


which is called Dirichlet’s sum-formula. 
In order to prove it, we note that the left-hand side, written in 
full, is 


Wa, a 
Se eee Wet, atl 
Wee i Wea ate or Wetted? 


+Wz, 6 Sy Ue tees siaith opt talent eis tpi) 
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while the right-hand side is 


- 


WD A WD 5. ody Bh SRI eas Se 60 6 0 APE. B 
SLE II NG iar ey 01M Soper en seat ING ee) Ne or 
mie SY pee sg ee Ne ok ok Poe er 
a ee ee ee 

. + Ws, ¢ 


But comparing columns of the latter expression with rows of the 
former, we sce that they are identical. 


Fie. 2 


A particular case of (22) is so frequently applied that it should be 
noted separately. It is obtained on putting w,, , = Uzv,, the result 


being 
B z B B 
LU Sug = DU, SVs (23) 
a a a z= 


This formula is useful, when one of the functions u, and v, can 
be summed, but the other not. For instance 


n n n z n (Cnr=2) 
Aa NSS = Sees — oe 
1 x & i) ee a te pS AL 
_ 1 tee — etn! 


Tie dias (r+ 1)? 
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A similar relation as (22) holds for integrals, viz. the formula 


8 y B B 
fay [Pes nae =| ae | Pes, (24) 


or Dirichlet’s integral-formula. In order to prove it, we note that 
both sides of this equation represent the result of integrating the 
function F(x; y) over the area consisting of a rectangular triangle, 
shown in figure 2, the only difference being that on the left the 
triangle is divided into small strips parallel to the z-axis, while on 
the right the strips are parallel to the y-axis. 

If, in (24), we put ’(z; y) = f(x) gly), we get 


B x 2B B 
fet) J eraee = (pe) J owaee (25) 


Dirichlet’s integral-formula may also be derived from the sum- 
formula by a limiting process.! 


§11. Repeated Summation 
107. If there is given a table of f(x) 
f(a), fla + 1), fla +2), .. 
we may form the sums 
F(a) 


fla) +(e 1) 
Saye fle 1) + fle +2) 


© © © © © © @ © @€. © © © © 6 © 


z—1 
Let 2, when no limits of summation are indicated, denote = , 


that is 


z—1 


= f(x) = = f(). (1) 


1G. J. Lidstone: Journal of the Institute of Actuaries, vol. XLIV, p. 403. 
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The operation of summation = may, like the operation of dif- 
ferencing A, be repeated, and the repetitions are also here denoted 
by a symbolical exponent, e.g. 


za—-12-1 


2f@)= = z f@), 
at) “a 


the first = on the right having a + 1 as the lower limit of sum- 
mation, as the table commences at f(a). 
Thus we may continue and, therefore, have in the general case 


z—1 z-—1 z-1lz-—1 
Yf@)= Sh yee ee Ponte). (2) 
at+r-la+r-2 ath ue 
The calculation is best arranged in a table of the form shown be- 
low and called the swm-table, the analogy with the difference-table 
being obvious. 


x f(z) > z=. 3 > 
a f(a) ( 
ett |] te+n | ETS | 2¥@+2)| sea a) 
a a 2 im 2Fla ao D*f(a 
a+3 f(a + 3) Sha + 4) D2f(a + 4) 
a +4 fia+4) |“ 


It is seen, that fi), 2f(x), Df), . . . Df@), ... are all found 
on the same line, sloping upwards. All the numbers in the top- 
line, sloping downwards, are f(a), so that 


ala +1) = fla). (3) 


If this table is read from the right to the left, it is a difference- 
table. If differences and sums of f(x) are wanted simultaneously, 
the differences are placed to the right, the sums to the left, of the 
column headed f(x); so that = comes next to this, =? to the left of 
=, and so on. In this way the whole table becomes a difference- 
table, formed from the sums of highest order. 

While the difference-table is perfectly determined by the function, 
the same does not apply to the sum-table, as the repeated sums 
depend on the argument a, at which the summation commences. 
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The operation = is to a certain extent the inverse operation of A, 
as AZ = 1. On the other hand, we have generally TA + 1, as 


ZAS(x) = f(x) — fla). 


The symbol = is, therefore, not commutative with the difference- 
symbol. 
108. The sum-table is sometimes given in a different form, 


putting S = , that is 
Siz) = 2 fa) = 2fe + 0, 
S¥(e) = Bz fe) = BV + 2), 
and generally, repeating > r times, 


Sf@)=2...2f@) =2fG+n. (4) 


If the sums S are employed, S*f(x) is placed on the horizontal 
line starting at f(x); all the numbers in the top horizontal line 
have the value f(a). 

109. The 7 sum may, like the r difference, be expressed as a 
linear function of the values of f(a) by means of which it is formed. 
In order to find this expression we note first that by Dirichlet’s 
sum-formula §10(23) we obtain the following formula where the 
summation refers to v, and r > 1, 


load fee hh We ery Sy CR gre 
(25) ino t08(225) 


a 


or, multiplying by (—1)'~? and exchanging the right- and left- 
hand sides, 


ae a Oa (ee boat) 


v=a r 
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In the expression on the left we may, therefore, diminish r by 
one unit if, at the same time, we replace f(v) by Zf(v). 


The expression on the right of (5) may evidently be treated in 
the same way, the result being 


> (77745 ~2)2K0 - Be es ania) 


v=a r 


and so on, until the right-hand side, as ( . a) = 1, assumes the 
value S‘f(x), that is 


a= = 
Sie) 02 a ie ) 
this being the required formula. 

From this follows, by (4), 


sta) =" (7727 *)s0. @ 


Se (oa at BP any (eek 
tie see en (SOE = te 


110. Repeated summation may ‘with advantage be employed 
for the calculation of sums of the form = (a — a)*f(x), the so-called 
moments about the point a. As the transition from moments about 
one point to moments about another is easily made,! we content 
ourselves with deriving the relations which have the simplest form, 
viz. the relations between >’ and the moments about x — 1, de- 
fined by 


In particular 


z 


att 
M, = 2 (v =e 1)"f(v), (9) 


y= a 


where we may, for r>0, take 2 — 2 as the upper limit of sum- 
mation. 


1 We need only write © (x — a)"f(x) = = [(z — b) + (6 — a) ]*f(x) and de- 
velop in powers of (x — b). 
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We now expand (x — » — 1)" in descending factorials 
19 A*0" 
(e—-vy—l1)y= z= (f#—v—)” —_; 
uw=0 u! 


inserting this in (9) we obtain, after exchanging the order of sum- 
mation, 


r z—-p-l _ el 
(= Me = 2 A 2 ic : 46) 
or, for r > 0, 
(—1) VM, = > Aor iG) G0). (10) 


p=1 


In particular we find from this, leaving out f(z) on the right, 


—M, = 2 
M, — >? oe Ze 
—M, = =? + 623 + 634 tt) 


M, = =? + 1423 + 3624 + 2455, 


By this system of formulas, the tedious direct calculation of the 
moments has, in the main, been reduced to a summation-problem. 

It is also possible to develop in central factorials; we content our- 
selves with referring the reader to G. F. Hardy: The Theory of 
the Construction of Tables of Mortality, pp. 124-128. 

111. In the preceding formulas it has been assumed that the 
summation commences at the top of the table, which is preferable if 
the values of f(z) have a number of figures that ¢ncreases with z. 
But if the number of figures of f(x) decreases with increasing x, sum- 
mation from the bottom of the table is to be preferred. The formulas 
to be used for this purpose are, in principle, obtained by writing 
the given values of f(z) in the reverse order. The corresponding 
summation-symbols are, denoting by the last argument of the table, 

B B 
y= > ands = 2, 
z+1 EA 

We first obtain from (6), writing the terms in reverse order, and 
replacing x by £, 


sye)=s0)+(," )te—v+ (TH) roa... OT te 


r—1 
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and from this, for the r sum from the bottom, 


sepa =sa+(, 7 aot +("*) rata. oe naan 1) 


Tr r—1 


whence, replacing a by 2, 


ny ge _ 
Srj@z) = 2 ( ae ‘\ 40). (12) 


Now 


8 
S'f@) = Zf(x) = 2'f@ — 1), 


6B 
S’f@) = ZZf@) = =" fw — 2), 


8 
and in the general case, repeating > 7 times, 
z 


~ 


SF(x) ~3 es > f(x) = Ife —1r). (13) 
We therefore obtain, by (12), 
8 ep os 
SF(a) = i ae ; ") 70). (14) 


In particular 


SLs (’ sia ) 201 = ti z 3 (15) 


A section of the sum-table for >“ is shown below. 


z'f (6B — 4) wt 
Bio JG = 3) ’ = z iia) wr 
o=2 | fe 2) |e (ee eh ieee 
pent f8-1) | sig —1) {2 
6 f(6) 
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The numbers in the line sloping upwards from the bottom have 
all the value f(8), so that 


ZO (GB —7) = f(6): (16) 

Dis seen- that J), fe), 2 9G), wesc SO), << aro all 
found on the same line, sloping downwards. 

We have evidently V2’ = —1; on the other hand 2’Vf(x) = 


(8) — f(x), so that the symbol »’ is not commutative with the 
difference-symbol. 
112. We denote the moments about x + 1 by 


M’,= 2 (w—-x—1)f(). (17) 

ypo=z+l1 
Now, let us in (14) commence the summation at x + 1, and in 
(7) continue the summation to x — 1, which does not alter the result, 
as the terms added all vanish. If, under these circumstances, we 
compare the expansion of (14) in powers of (v — x — 1) with the 
expansion of (7) in powers of (ce — »v — 1), we observe that they 
only differ from each other in that M, has been replaced by 
(—1)'"M’,. We therefore have, by (10), 


M’, = 5 Aor zt f(z) (r > 0) (18) 
p21 


and in particular, leaving out f(x), 


M', = VY 

M’, _ 7 + 2 Se 

M’, =; 9? ae 6p" ze 6 ylV 

Mi =" 4+ 1425/" + 3627" + 24 5”. 


(19) 


113. This system of formulas is used if the moments are to be 
calculated for a table of f(x) with a decreasing number of figures. 
But very often, especially in dealing with frequency-distributions, 
we have to do with a table of numbers which begin by increasing, 
attain a maximum, and thereafter decrease. In such cases, the 
moments are calculated separately for the increasing and the de- 
creasing part of the table about the same, conveniently chosen, 
point in the neighbourhood of the maximum. If, now, by M, 
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we understand the moments for the whole table (obtained by adding 
the moments for the upper and lower parts of the same), and if we 
write, for abbreviation, 


Sa SO) Ee 
ea lat | 0 
we obtain from (19) and (11) 
M:i=A; 
M, = 22+223 (21) 
Ms; = A: +6As+6 Ay, 


Ss 
l| 


De + 1423 + 36 2, + 24 Zs. 


114. The process of calculation is best explained by a numer- 
ical example. 


a T(2) 1. Sum | 2. Sum 3. Sum | 4. Sum | 5. Sum 
0 15 15 ie 
: a 224 15 
9 365 239 15 
589 254 15 
3 489 828 269 
1071 1899 1082 
4 414 | ee | 
515 iia 592 
: “ns 386 280 
6 134 238 206 92 
148 74 
7 72 104 58 _ 
44 16 
8 99 32 14 - 
r 12 2 
9 8 10 ; 2 
10 D 2 
2. = 2800 1674 549 107 
A, = —998 —490 11 LE 


Given the above table of f(x), we want to calculate the moments 
of this function about x = 4. 


§11 REPEATED SUMMATION 101 


Above the horizontal line starting at f(4), we sum from the top; 
below the line, from the bottom; in the last column only one num- 
ber is inserted above and below the line respectively, as no more 
are wanted. The numbers wanted for the calculation of 2, and A, 
are those placed nearest above and below the horizontal line. Thus, 
for instance, 23 = 1082 + 592 = 1674, A; = 592 — 1082 = —490, 
etc. The moments about x = 4 are now calculated by (21); we 
find M, = —998, M, = 6148, M; = —3872, M, = 48568. 

115. It should be noted that the so-called factorial moments 
used in connection with frequency-distributions! and defined by 


os k ME 
Fy = 3 vO) =r! 2 (”) 10 (22) 


are, if we leave the factor r! aside, expressible as the (r + 1)# 
sum from the bottom of the values of f(0), f(1), . . . f(K), that is 


Be +vf(—1) = <2. (23) 
(pes 


In the sum-table for summation from the bottom, all the values 


T(r) 


are found on the same downward sloping line starting from 


Sea). 

116. Another field of application for repeated summation is 
the calculation of product-sums, that is, sums of the form Lvl. 
If we put 


Die eta ace Ua gee oe en lg 2, 91 SO) 


we find by partial summation 


n—1l n—1 
>» DAN = at NO ee 
0 0 


n—2 
er Vis 25 Pe) ANODE 
0 


1J. F. Steffensen: Factorial Moments and Discontinuous Frequency- 
Functions. Skandinavisk Aktuarietidskrift, 1923, p. 73. 
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and hence, continuing in the same way, 


n—1 k 
D Us = 5 AMT? +U +R (24) 
0 v=0 
where 
n—-k-2 
R= 3S Attypzet+vuy,, (25) 
z=0 


In this formula, 5° *u_,; means the (v + 1)** sum from the 
bottom of the values wo, U1, . . . Ua —1. These sums are all found 
on the same downward sloping line, starting from u_1. 

In order to give the remainder-term a practical form, something 
must be known about uz. In practice, uz is very often a positive 
function; in that case 24 +”u, does not change its sign, and we 
have, by the Theorem of Mean Value 


Ko=pA®s ees’ tu, (uz > 0), (26) 


denoting by uA* +1v, a number situated between the smallest and 
the largest of the differences A* + 1u, AF +1, ... A*® +, 2. 

If v, possesses a continuous derivative of order k + 1, the re- 
mainder-term may be written 


R=,%+0EG+9u_, (uz > 0). (27) 


But the previous formulas possess the merit of remaining valid, 
even if uz, and v, do not follow any particular law. 

The application of the Error-Test leads to the result that if wz, 
A**y, and A*+?y, do not change their signs, and if A* +, 
and A*+%y, have opposite signs, then R is numerically smaller 
than the first neglected term and has the same sign (provided this 
term does not vanish). This also holds for n>, if the sums are 
convergent, 

It may be noted that for uz = 1 we get the summation-formula 


zy = 5 ‘e A’) + ik EAP (28) 
0 _ y=0 v+1 : k+2 ae 


the first term on the right being nv. This formula is, however, 
less accurate than certain summation-formulas which will be de- 
veloped later on. 
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The subject of product-sums may be developed in several direc- 
tions; for instance by introducing central differences. We shall, 
however, not go into this. 

117. Repeated integration may be treated on the same lines as 
repeated summation. If, for instance, in Dirichlet’s formula 
§10 (25) we put g(x) = (6 — x)*—!, we get 


ib (6 — x)f(a) dx =k fe —g)r-! fn) dix? 


and by repeated application of this, proceeding exactly as we did in 
deriving (6) from (5), 


[il . fieoaess= 2 "@-oy@de. 0) 


If, on the other hand, we put, in Dirichlet’s formula, f(x) = 
(2 — a)*-—!}, we find 


{ie — a)e(a)dx = aK — a)r- Pow) dx? 


and by repeated application of this 


le ara [otayast +41 = as.@ — ajte(x)dz. (30) 


In this way, the calculation of repeated integrals has been re- 
duced to a single integration. 

118. It is not difficult to see how we must proceed, if the con- 
stant limits of integration in (29) and (80) are not the same in all 
the integrations. If, for instance, we want to calculate 


f. {seas 


ze Pz Y 
we may note that f =a) - j , and find therefore 
Y a a 


f [seae: = ff foae = J (sede 


8 Y 
= ("@ - nptayde ~ @ ~ 0) P'Heae. 
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We may proceed in a similar way, if it is a question of sums 
instead of integrals. > 


§12. Laplace’s and Gauss’s Summation-Formulas 


119. As an integral is the limiting value of a sum, approximate 
relations must exist between sums and integrals, that is, an in- 
tegral is equal to a sum plus certain corrective terms which may be 
expressed in different forms. If the corrective terms are put into 
the form of differences, we have formulas of Laplace’s type; if they 
are expressed as differential coefficients, we have Euler’s type. Both 
types may be used either for the calculation of sums (if the integral 
is known) or for the calculation of integrals (if the sum is known). 

120. Denoting by ™ a positive integer, we start from the identity 


m m—1 1 
(raaz = > [se+ r)dt. (1) 
0 r=0 20 


If, in this, we express f(é + r) by an expansion in descending 
factorials 
n 4”) (n +1) 


t t 
fis ae AU a 
we get 


m ose 
ig = a fa 3% xo. ~ Ane + R, 
0 


r=0 
m—1 t+) 
(n + 1) 
"2 fae foro @, 


If we introduce the notation 


140) 
L, ={ — dt, (2) 
o vl 


m-—1 


(Feds = 3.1, 2 As) +2 


r=0 


we find 


m-—-l1 + m 
=Iy 2 fr) + BL [ary |"+ R 
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and for the remainder-term, as {+ does not change its sign 
within the interval 0 <¢ <1, 


m—1 
R= z fet” OL 41 = mL, oi ft &, 
r=0 


m—1 


: 1 ; : 
as, instead oF > f"t0(g) we may write f+ (—) (with an- 
r=0 


other £). 
As evidently I) = 1, the result may be written in the form 


™ m-—1 n a 
(ide = 2fo)+2 L,| a" cz) [+ R 
R= mL, 41f%* (6). 


(3) 


We shall refer to this formula as Laplace’s formula, although it 
was probably (apart from the remainder-term) already known by 
Newton. 

The numbers L, which, according to (2), are all rational, are 
easily calculated either directly or by means of differential coeffi- 
cients of nothing, as from the expansion 


v tr P tr 
1? = > —Do™ = > (—1)' t’— Dro ») 
! r=0 via. 


r=0 
we obtain 
(ya = D20°-”) ne cae 
pis Naa oe | ee 2 9 oa oe Shr a Ik 4 
Saas 2! Scope Pa exein ieee 


These numbers may also be calculated by a recurrence formula, 
for, from the expansion 


x 2) 
LY) iia ee gc) ea 
Gee) Fete aay 
valid for |t| <1, we get 


1 
[a+ ond = =[h+th+#h+..., (5) 
0 


t 
Log (1 + 2) 
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whence 


t2 t3 
t= (Lo ttl, + Le + oes )(¢-F 45 - ee .) 


and consequently, on comparing corresponding powers of ¢ on both 
sides, Ly) = 1 and 


1 1 1 C— i 

ee an ~ —... ———————— ae 6 
L, gly -1 glv-at 7 L,-3 a y+1 0 (6) 
We find for the first few of these coefficients 

1 1 1 19 
y= 1, li=>,la= — 7 le = op Le = — Top 
Pe Sale oe es ee 
* 160° =+« 60480’ ~’ = 24192" 


121. If, for »y > 2, we write “ 
Mm =—(¢—2)(-—3)...¢€—»4+ D-t1 —d, 
we find from (2), by the Theorem of Mean Value, 
Be ar aCe nl 


L,= sat) (ta - oat 0<6<1) 
vi 0 

or 

L,=-—-=* eas Onset (0<6@<1). (7) 


L, has therefore (with the exception of Lo) the sign (—1)’~!, 
so that the signs are alternating. 
It follows from (7), that. 


pk SO Oe ee) 


| Z, | 6 y! 


(0<6<1), (8) 


from which we may conclude that |L, 
limits 


is comprised between the 


es 


1 
eG may el ee (n> 2) (9) 
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L, therefore tends to zero, although not very rapidly, when v 
tends to infinity. It can be shown that the exact order of mag- 


: : : : 1 : 
nitude of L, for increasing » is ———— and, therefore, essentially 
v Log? v 
1 1 : ; 
closer to — than to—. More precisely speaking, we have! 
v v 
ah +1 
——_ (10) 
v Log?y 


the sign © denoting that the quotient of the right- and left-hand 
sides tends to unity for v tending to infinity. 

122. Other summation-formulas of a similar nature may, in 
principle, be obtained by inserting, in (1), different expansions of 
f@ + r) in factorials. We confine ourselves to deriving two of 
these formulas which present advantages in comparison with (8). 

We obtain from §4 (20) 


ialarys 2v gr] 
ab = — 2v (2r) 
afm +2) +ia—a)l= 2 oss + ase ®. 
If we put 
; [n] 
R= 7 Bee (12) 
whence 
v 28 (2y] 
oc, ey ome ota (13) 


(2) !5= 02% (2s + 1)! 


we obtain from (11), as the Theorem of Mean Value is applicable 
to the remainder-term, 


3 n+} 
ij [fin +2) +f(n — x)] dx = ("He ae 


8 pallet 


r—1 
= 2 Kyo" f(n) + Kerf © 


1J. F. Steffensen: On Laplace’s and Gauss’ Summation-Formulas, Skan- 
dinavisk Aktuarietidskrift, 1924, p. 2-4. 
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and hence by summation from n=O0ton =m —1,as Ky = 1, 


m m-—1 r—-—1 may) —4 | 
(0 tod = "24473 w[e yo +R | 
Rams (0. 


This formula is called the first Gaussian summation-formula. 
In comparison with (3) it offers the advantage that the terms of 
even order are missing. 

The differences employed in the formula are found in the difference- 
table on two horizontal lines, starting atx = —} andz =m — 3 
respectively. 

The first few of the constants K, are easily calculated, e.g. by 


(13), and are 


1 17 367 27859 
Kia Kis — = Kk ee 
ees 5760’ ° 967680’ 464486400 


123. From (12) we obtain by the Theorem of Mean Value, in a 
similar way as in the case of (7), 


mG 


Ko = Ben 


(1 — 6?) (4 — 6")... [(@ — 1)?—67] (0 <@ < 4), (15) 


showing that these constants have alternating signs and (by put- 
ting @ = 0) that 
—_-. (16) 
12p? &, 
Vv 


The asymptotic expression for K», is obtained more easily than the cor- 
responding one for L,. For if we express the factorial in (12) by Gamma- 


Peas 


Functions and employ the relation P(z)I(1 — x) = —— we find first 
sin rz 


} 
(nl eames FO + ORG — desin wed (17) 


SE 
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As t sin rt is positive in the interval, we may apply the Theorem of Mean 
Value, and get 


y—1 20 + OT — 8) 


Ke = (—1 0<06<}3), 18 
x = (—1) (2) 1x3 (0 <@<3) (18) 
whence by Stirling’s formula 
k ae 1)” -1 
Ky ® o=7 9 ~ 


Comparison with the preceding results shows that the K,, de- 
crease much more rapidly than the L,, so that (14) is also in this 
respect preferable to Laplace’s formula. 

124. A formula, analogous to (14), is derived in the following 
way. We obtain from Bessel’s formula §4 (26) 


glfm@+r2+2)+fm—2+})) = 


Ci) as eee yertu-t 
pei Aa v aL a ae ee 

oye ee aaa (20) 

If we put 

1 3 

M, = [tera mvay, (21) 

consequently 

Dy y D* +1941 

My,41 = 0,M,, = (22) 


—————s 22; a ee 
(2v)!5 20 2%+1(25 + 1) (284 1)! 
we obtain from (20) 


2 n+1 
\ He +249) +i -2 + Dido =| fade 


—v 


= 2 M,, 08" fin + 4) + Ma f2” ©), 
v=0 


and from this, by summation from n = 0 ton = m — 1, and apply- 
ing the Theorem of Mean Value to the remainder-term, 


r-1 


m m—l1 m m 
if fade = "= fo) +4 [so | nee Ee - ‘sca | +R 
0 0 0 p=1 0 
R = mMz,f°° (2). 


(23) 
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This formula is called the second Gaussian summation-formula. 
The differences employed are arithmetical means of differences, 
placed immediately above and below the horizontal lines starting 
atx = mandz = 0. 

The first few of the coefficients /,, may be calculated, for in- 


stance by (22), and are ‘ 
1 11 191 2497 
| Pee ae 9, pre wectenlay Y Cyn Beker) pe ; 
ee 1en ee 60480’ ° 3628800 


125. We find, from (21), by the Theorem of Mean Value, 


Ca l)s 1 9 (ait 2 3 
MM, = (2)! + — 6) (¢— 6?) . . ———— (200 <a). (24) 


showing that these constants have alternating signs and (for 
6 = 0) that 


|M,, |< Gy g-% (25) 


The asymptotic expression for M., is obtained in the same manner as the 
corresponding one for Ky. For 


2 ('r@+>+4) 
fade onl, T(2 — » + 3) = 


= (- 1) 


5 
i) Te +2+4)r@ — 2+ 3) cos r2rdz 
0 


(2v)! 


2 
= (oP lao te @<@<>3), 


whence, by Stirling’s formula, 


(ee 


My ei 5oviead 


TT (26) 
vr 72 
It is seen that the second Gaussian formula also is considerably 
better than Laplace’s formula, although hardly so accurate as the 
first Gaussian formula. 
126. Owing to the form in which we have obtained the re- 
mainder-term, we cannot as a rule (an important exception follows 
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in No. 128) see what happens if in (8), (14) and (23) we let m 
tend to infinity. Cases where the limits of summation and integra- 
tion are infinite may, however, with approximation, be reduced to 
cases with finite limits, by stopping at a suitable place, after having 
ascertained that the neglected parts of sum and integral are com- 
prised within known and sufficiently narrow limits. 

In doing so, the error may often be estimated by means of the 
inequality 


8 B fin 
2s) <) f@dz< = fi), (27) 


valid for constantly decreasing f(x), as appears from a simple geo- 
metrical consideration. If f(x) is an increasing function, the 
theorem may be applied to —f(x). The inequality (27) evidently 
remains valid if a or B, or both, tend to infinity. 

We may also write the inequality in the form of an equation. 
For, if A< x <B, we have 


=} A= Bye, |R| <3 (B-A). 
If this is applied to (27), we get 
8 -1 - 
fends ="3'po) $= 18 4 
i (28) 
a) — f(B) 


valid for every decreasing and integrable function. If we let B 
—o, we obtain in the case of convergence 


J f@de = 250) - TOR 


fla) 
a 


(29) 
|B |< 


The formulas (28) and (29) may be considered as primitive 
summation- or integration-formulas which, however, are often of 
great use in estimating the values of sums or integrals. 
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<<} 1 : 
127. As an example, we will calculate 2— to 5 decimals, by 
~ 1vV 


means of (14). We have, by (29), 


I= +55+R, IRI< = 


A 


(30) 


2° 


Putting a = 500, we have, eae 


o 499 1 
ae oa — + 0.0020020 
Tey. 


with an error that does not exceed 0.0000020 in absolute value. 

As a rule it is advantageous to begin by calculating the first few 
terms of the sum directly, as in that case we can do with fewer 
terms in (14). We find by a table of reciprocals to seven places of 
decimals 


15] 
ae =1. 5804403 


with an error that does not exceed 0.0000002; consequently 


tS it 499 il 
2== > — + 1.6824423 
ly 16 ¥? 


with an error that does not exceed 0.0000022. 
499 4 
We may now calculate = — by (14). Putting, in this formula, 
Way Le 


r = 3, we find for the remainder-term 
7! 
R = 484 Ky» — 
gs 
The difference of highest order retained being 6%, we obtain an 
upper limit to R by taking = 14; consequently 


367 5040 
Pd Lead (oY, nme ede ebsites 
| | < 967680 148 0.00000063. 
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We may therefore, with an error that does not exceed one unit 
in the sixth place, put 


499 7 499.5 1 1 7499-5 17 114995 
zo-{ ee eh 
16 Vv? G6 1 a 2a e765 1 O760 x? 115.5 

Now it is easy to convince oneself that the values of 6 and 6? at 


the upper limit are negligible in consideration of the degree of 
accuracy required in the result. We may therefore put 


i ee ie pp eed eet 


2) ee 5 — 5, 
16 Vv? 15.5 499.5 + 24 15.52 5/60 15.5? 
If we form the table 


43 = ri) 6? 63 
zx 
14 0.0051020 6576 
15 44444 = 5389 1194 aes 
16 39062 — 4460 922 
17 34602 | 
we find 
499 7 1 1 0.0005382 iL4 
y= _ _ —  - 0.0000272 
16 v2 15.5 499.5 24 a 5760 
= 0.0624918 


and finally with an error which is certainly smaller than one half 
unit of the fifth decimal 


fos} 


z Z = 1.5804403 + 0.0624918 + 0.0020020 


1vV 


= 1.644934. 
We shall see later on (§13(88)), that 


iL ae 


= 1.644934, 
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so that we have, as a matter of fact, obtained six correct decimals, 
although the method, on “account of the inaccuracy of (30), only 
guarantees five. 

Formula (30) may be considered as an expression for the re- 


; Nahe Set 
mainder-term in the convergent series = —, if we stop at a — l 
es 
terms. The question may be asked, how many terms of this series 
are required for the direct calculation of the sum of the series to 
five places of decimals. We must then determine a in such a way 


that 


1 eee z 1 
2a? 200000’ 


1 

a sanvoon. 
a > 200000. It would, therefore, be necessary to calculate and, 
thereafter, add up, more than 200000 terms in order to obtain five 
correct decimals. As each of these terms may contain an error up 
to one half unit of the last decimal, it would, moreover, be neces- 
sary to calculate each term to 11 decimals, in order to secure 5 deci- 
mals in the sum. This is a striking example of the uselessness 0 
convergence, in the mathematical sense of the word, for numerica 
calculations. 

128. The Error-Test is immediately applicable to (8), (14) 
and (23). Assuming that the first neglected term does not vanish, 
the conditions are: in the case of Laplace’s formula, that f‘* +» 
and f+ * keep their signs and have the same sign; in the case of 
the two Gaussian formulas, that f°? and f@7+®*® keep their signs 
and have the same sign. In these cases the error is, therefore, less 
than the first neglected term and has the same sign. 

If the Error-Test is applicable, it remains applicable for m tend- 
ing to infinity. If the integrals and sums in (3), (14) and (23) 
exist for m— ©, the differences employed in these formulas must 
vanish for m— © and R exist for m— o, and even if we do not 
know the form of the remainder-term, we may apply the Error- 
Test. Under these circumstances the three formulas may be written 


1 : 1 
where |R| = Sant but it follows that -— < 
Qa 


§12 LAPLACE’S AND GAUSS’S SUMMATION-FORMULAS 15 


i S@)dx ~ 2 f() = ELA" *4(0) + k, 


r—1 


J, fede = 390) —"3 KP +R, 


r—1 


{sede = 340) - 470 — "2 M,as"-"70) +R. 


If the Error-Test is applicable, these formulas are preferable to 
the method employed in the numerical example. It is easily seen 
that the conditions are satisfied in this very case, so that we may 
put 

z J 


1 
SK eee 
16 »2 155+ 29 i552 t MeO TE 


0.0005382 17 
00072 0.04403 
15.5 24 oh 5760 sae 


1 rae , 
Ta As, in this case, it is easier to 
calculate f® than 6°, we prefer, however, as upper limit to the error, 
to take 


the error not exceeding K, 65 


3 720 
|Kef® (|< sony "Far < 0.0000000044, 


o 


: : 1 ; : 
so that the figures retained in = = are reliable. If, to this, we add 
16 V 


15 @ 
the directly calculated value a 7 = 1.5804403, we get 2 7 = 
1.6449341, where the correctness of the first 6 decimals is secured 
(the last decimal happens also to be correct). 

129. Repeated integrals may, as shown in No. 117, be reduced 
to single integrals. Thus, putting, in §11(29), a = — 4,8 =m — 3, 
k = 1, we get 


m—% z m —} 
Hi if F@jdat = i (m —4 —2)F(x)de. (31) 
-4 -} -} 
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We need therefore only, in-the first Gaussian formula, put 
f(x) = (m— 4-2) FQ). (32) 


The matter might be left at that; but we may also transform the 
formula in such a way that the terms on the right become sums and 
differences of F(x) instead of f(z). In this way we avoid forming 
a table of f(x) and can do with the given table of F(a). The pro- 
cess is as follows. 

We apply §2(18) to (82) and find 


8" f(a) = (m+ —1—2) ~ 1 F() — (2v— 1) Fe +4); 
but 


F@ +4) =#F@) = (a +2) Fe, 


so that 


8-1 f(z) = (m — 2 — 3) 8”! F(a) — Qo = 1) O 8” -? F(a), 
and hence 
m—} 


[4 |= -me——)-@—H | o Fe) | 


Further, we have 


m—1 m—1 m-—1 


> fv = = mM—-1—»v Fr) +3 2 FO) 
y=0 v=0 v=0 


or 


m—1 


Pry) = 2° F(m) +32 F(m); (34) 


the sums © F'(m) and =? F'(m) are, in the sum-table for summation 
from the top, found on the upward sloping line, commencing at 


Fim). 
Finally, by Leibnitz’ theorem 


JOE) =) Grae hr ES ier lee ons (35) 


(33) 


§12 LAPLACE’S AND GAUSS’S SUMMATION-FORMULAS 117 


If, now, we insert (32)-(35) in (14), we find 

m— 4 z r—1l 

i j F(a)dx?=>2F(m)+32F(m)—m = K,, &’~1F(—}) 
ad 4 = 3 v=l1 (36) 


r-—1l 


— > J,,| 0 vw) | 
1 


™ 
| Aa} — 


-3 
+R 
; 


where 
Jo, = (2v a 1) Ko, 
and 
R = mK, [im — 3 — ) FO () - Fe -(O]. 7) 


This is the required formula. The first few of the coefficients 
Jo, are 


1 17 367 27859 


= — i990’ 7° = to3530 7® = — 66355200" 


130. An analogous formula for repeated integration is, in a 
similar way, derived from the second Gaussian formula. We 
find, putting in §11(29) a =0,8 =m, k = 1, 


a ic da? =(7 (m — 2) F(x) dx (38) 
0 0 0 
- and therefore put, in (23), 

Sf) = (m — x) F(a). (39) 


Now we have, by §2(18), 
6” *f(@) = (m+ v—4—2) 8” ~*F@) — (2»— 1) 6” -* Fe +4), 
and hence 
D8” — f(a) =n +» — 9) 08" FF @) — 3 @ 49) oP Fe +}) 
reg) Oe er Og) op no” oa) 
=(m+v—3) 08” Fe) —2 06" F(a) — 36" F (a) — @—}) (E41) 0 F @) 
or, as 


EH =1+ 05 + 38, 
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and leaving out F(z), 
= (m — 2x) a eae (p— 1) cye-! ra, ee —4) (2+ fe+-262)0" + 
= (m—x) 06! — (2p — 1) 8”? — 5 8”, 


so that 
E put se) |= —moOs”'F(0) —(2v— pl ere | “| ore |” 
0 0 
Further, we have 
m—1 m—1 
> fv) = = (m—»v) FR) ==rF¥(m+ 1) (41) 
0 v=0 
and finally 
PGE (E\ces: OnE) CE) ar Fete) (42) 
We now insert (39)—(42) in (23), igs 
= (2p at 1) M2, + ee 2) (43) 
and a simple rearrangement of the terms leads to the formula 
i fr x)dx? =>2F(m+1) =m| 3F()+'> > M.,0 er) | 
2 . (44) 
— =N,| ere) | pe has Maral F 0) | +R 
y=1 0 2 0 
where 
R = mM,.,[(m — £)F@” (&) — 2r F@r -» (8). (45) 
The first few of the coefficients No, are 
1 1 31 289 
Na = — To Ne = ogg Ne = — Goagyr N* = sea8800 


131. The formulas (86) and (44) are closely related to the 
formulas used (without remainder-term) by astronomers for the 
numerical integration of differential equations.! 


1 Steffensen: |. c., p. 12-15. 


(40) 
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§13. Bernoulli’s Polynomials 


132. We shall frequently have to make use of certain polyno- 
mials which are related to the factorials and called Bernoulli’s 
polynomials. These polynomials are of great importance in mathe- 
matical analysis, and a considerable amount of literature exists 
about them. Here, however, we confine ourselves to deriving those 
of their properties which will be of use to us later on. Bernoulli’s 
polynomials are by various authors defined in slightly different 
ways; the definition preferred here is equivalent to that of Norlund.! 

133. Bernoulli’s polynomial of degree m is denoted by B, (x) 
and is defined as the polynomial that satisfies at the same time the 
two relations 


AB, (@@) =man-} (1) 
and 
D Bag) =m Ba 1). (2) 


It is obvious that a polynomial with such simple properties must 
have important applications. To begin with, we proceed to show 
that the polynomial is perfectly determined by the two equations 
(1) and (2). 

If the polynomial exists, B,.(z + h) will also be a polynomial of 
degree m, and this polynomial admits, by Taylor’s theorem, the 
unique expansion 


Br(e +h) = > yr. Gy: 
r=ov! 
But this may, by (2), be written 
Baw +h = 3 (™) ir By. 
=0 


or, writing m — » for », 


Bn (x +h) 


> () hm -” B, (x). (3) 
0 Vv 


p= 


1N. E. Norlund: Differenzenrechnung, p. 17-23; Mémoire sur les poly- 
nomes de Bernoulli, Acta Mathematica, vol. 43, p. 121. See also J. F. 
Steffensen: Ona generalization of Nérlund’s Polynomials, Bulletin de l’Aca- 
démie Royale de Danemark, 1926, vii, 5. 
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If, in this, we put h = 1, we find, by (1), 


m-—1 

> ie Bae i= nee = * (4) 
r»=0 

By this formula, the polynomials B,(x) are perfectly determined; 
we find . 


By (@@) =1 

Bi @) =2-3 

B,(@)=2—-2+¢% 

B; (a) = 23 — $a? 4+ 42 

Bi, (x) = 7 — 273 + x? — 34 

US Ce me he ae (5) 
Bs (&) = 2° — 32° + $24 — dr? + Gy 

Be) = 2 te ee ee 

Bs (x) = x8 — 4x7 + 140° — 324 + 27? — gy 

By @) a? = Oe a a Ba ak 

(Bie (x) = 70 — 579 + 1578 — 776 a8 5a* — 3x? - ar 


134. The values of B,(x) for x = 0 are called Bernoulli’s num- 
bers and are denoted by B,; that is, B, = B,(0). The first few of 
these values may be taken from (5); but they may also be treated 
independently, as we find, by (4), for x°= 0 


Boat > (")3, = = (Wa). (6) 

This relation may be written in a convenient symbolical form as 
(B=.1)" — b= = 0 (m > 1). (7) 

The meaning of this relation is that we develop by the binomial 


theorem, and thereafter replace B’ by B,. 
The first few of Bernoulli’s numbers are (leaving out zero values) 


1 1 1 1 
BoolnB. =). bee Bee ee 
0 ten 5 B> » Bu 50" De TPS. 
1 5° 691 7 3617 
ee ee ape =, By= =. 
: Sy Oe. Bu 2730’ By pains 510 
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Bernoulli’s numbers being known, the values of B, (1) are found 
from (1), putting z = 0; we get 


B= bret la aia ea 1). (8) 


Bernoulli’s polynomials may be expressed explicitly by Ber- 
noulli’s numbers. If, in (8), we put x = O and afterwards replace 
h by x, we find 


Boas s Ger (9) 
y=0\? 


which is the required expression. This may also be written in the 
symbolical form 


B,. (@) = («+ B)*. (10) 


135. Bernoulli’s polynomials and numbers satisfy a great many 
relations which are most easily obtained in symbolical form. We 
find first from (7), multiplying by c, and summing from m = 2 
tom =n 


Em (B+ 1)" — Sem, B™ = 0 
2 2 


and hence, P(x) denoting the arbitrary polynomial P (x) = 2 Cn x”, 
0 


PAB 1) — 2 (Bye=c,, 
or 
PGB +1) — P(B) = PP’). (11) 


If, in this relation, instead of P(t) we write P(t + x), we obtain 
the more general symbolical relation 


Pa@+B+1) —P(2@+B) =P'(z). (12) 
The difference-equation 


Af(z) = Pz) (13) 
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therefore has the solution 


f@) =P(@+B) 


(14) 
= Pee +2 Pa ) +P") ioe 


the number of terms being finite. ~ 
If, in particular, we put P(x) = («& +h)”, we find 
Bile +h) = (a +B+h)™ (15) 


or the symbolical form of (8), as is seen by expanding the right- 
hand side of (15) in powers of h and employing (10). 
If, in (14), we replace x by x + h, we have the symbolical relation 


f@th) =Pa@+h+B) =Pe+B), 


the meaning of which is that after having expanded in powers of 
Bh), we must replace B’(h) by B,(h), that is 
f@ +h) =P@+ Bh) 


a ae (16) 


=e P"@) + PP) + - 


Performing the operation A on both sides of this equation, we 
find, by (13), 


B, te “o 


P'@ +h)= AP(@) + —— AP) + —— AP"@)+..., (7) 
a relation which is called Huler-Maclaurin’s formula for a polynomial. 
The relation (12) may evidently be written in the form 


PB@) 1) = FBG) = Fw) (18) 


by suitable choice of the polynomial P we may obtain any number 
of special relations between Bernoullian polynomials. We shall, 
however, not go into this, but proceed to derive certain properties 
which are more important for the applications we are going to make 
of these polynomials. 
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136. The difference-equation 
Petr Li IAT) =e 
is satisfied by B, 4 (x) and also by (—1)’**B, 411 — 2), as is seen, 
if in the equation 
Boe 1B a) ez” 
we replace x by —x. We have, therefore, 
B, 41(2) — (— 1)"*"B, 44(1 — 2) = const., 
whence, differentiating and making use of (2), 


B= 2) =(— 1) Biz). (19) 


It is seen that B:,(x) 1s symmetrical about the point x = 4, and 


that Bo, +1(4) = 0. Further, we obtain for x = 0 the relation 
B,(1) = (—1)’B, which, jointly with (8), shows that Bo, 41 = 0 
forr > 0. 

137. It can be shown that 


B,(4) = (2'-"— DB, (20) 


This relation is obviously true for »y = 0 and vy = 1, so that we 


may assume vy>1. We obtain from (4) forx = 3 


m—1 

3 (")B.a) = 21-™n, 
y=0 v 
This relation determines B,(4) completely, and we proceed to show 
that it is satisfied by (20). Inserting this expression, making use of 
(6) and (9), and assuming m > 1, we find, in fact, 


m—1 m—1 
> © Caray pee (ee 


v=0 v=0 


I 


73 (2) g'-"B — ot-mB 
v=0\? 


Qa B (2) — 2 "Be 
2! - ™(B,.(1) +m — B,) = 2!-™m. 
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138. An important formula is obtained if, from (1), we derive 


~ 


1 
@ +s)" =O Be ae $8) 


and sum on both sidesfroms = Otos =n —1. We findform > 0 


n-—1 1 
SOF Sar oR) — Bn +1()] 
or 
n-1 1 
eu + 8) = ma Aen +1@) 


: (m>0) ?¢@1) 
= Br(x + bdt. 
0 


In particular, we have for z = 0 ands = : 
n-—1 
> s"* = Nae at (0) (m > 0), (22) 
s=1 m aF 1 
n-—1 1 
aoe (s+ 3)" = mp1 O*Bm +1(2), (23) 


the latter formula being also valid for m = 0. 

Formula (22) expresses the fundamental property of Bernoulli’s 
polynomials, and is the one that first established their importance 
in mathematical analysis. It gives a new solution of a summation- 
problem which we have already, in §10, solved by other means. 

139. In order to derive the other properties of Bernoulli’s poly- 
nomials, we will first express these in a different way which will be 
of use to us later on. 


We proceed to prove that 
Ge B;,(0) = B:, (x) ex B., 


can be expanded in powers of 


B= 27, 
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and that the coefficients in this expansion all have the same sign 
(Jacobi’s theorem).! 
We put 


(—1)’ Ba) = 2 Gs ~” (24) 
¥=0 
and are first going to prove that the coefficients can be determined. 

If we differentiate (24) twice with respect to x, and note that 


Dig = kg 2 (Qh) eee 1 


we obtain 


(—1)* (27) By a(x) = 3 GO Ur—v@e-?-? — (2r— WMP O“Y] 
0 


nl 
= & [ry $1) E21 — Qr—27) GO] 2-7 = (Ar) GPa 
v=1 
But if we compare this expansion with 
r—1 
(— Die eB os (x) =) Gey a2 3. 
»=0 


resulting from (24), if we write r — 1 for 7, we find 
(2r — 2v)9GO = Qr)?Gh—) + r—»+1)%G™;. (25) 


This is a recurrence formula for the calculation of the coeffi- 
cients G. The necessary initial values are obtained by noting 
that 


Goat Gl = 0 (> 1): (26) 


The former of these values is found by observing that the coeffi- 
cient of x?" in Bs,(x) is 1; the latter follows from the fact, that for 
r > 1, Bz-(x) does not contain a term of the first degree in x, as ap- 
pears from (9). 

If, finally, we note that 


Gs) = (-— 1)’ Ba, (27) 


1 Journal fiir die reine und angewandte Mathematik (Crelle’s Journal), 
vol. 12, p. 268-9. 
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(as results from (24) for x = 0), we may write (24), forr > 1, 
5 
iB O) =! Ge ry Gr > Ties) 
v=0 


the coefficients G™ being, according to (25) and (26), all posztive. 

We give below a table of G” which is sufficient for most prac- 
tical purposes. : 
Table of G® 


r m=O Af 2 3 4 5 6 7 8 
2 1 0 
3 1 4 0 
2 
4 x 0 
: 3 2 
. 5 3 
5 1 i 3 5 0 
17 . 
6 1 4 a 10 5 0 
2 
: 35 os7 | 118 | 691 | 691 B 
6 15 3 15 30 
112 | 352 | 718 
8 1 8 — | —= | — | 280 | 140 0 
3 3 3 
21 oon | 4957 | 8711 | 10851 | 10851 
2 , 2 ee 08 5 2 5 10 


It was calculated by first filling up the places where the values, 
according to (26), are 1 and 0, and thereafter applying (25). But 
if Bernoulli’s numbers are already considered to be known, the 
calculation may be simplified by observing that 

GO = (— 1) rr — 1) B, 2: GS, = Ge. (29) 

These relations are obtained from (25) fory = r — land vy = 
r — 2 respectively. 

By means of (29), we may first fill up the diagonal of the table, and 
after that, the first parallel to the diagonal, sloping down to the right. 


It results from the first relation (29), that (— 1)" +! Bi, is, for 
r > 0, always a positive number. 
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By means of the table of G we may immediately write down 
the Bernoullian polynomials of even degree, e.g. 
A, Byw(0) = — (+ 3 at + 3284+ 3 2%), 
It is seen how much shorter this expression is than the correspond- 
ing one by (5). In practical calculations with Bernoulli’s poly- 
nomials, the Jacobian form is, therefore, nearly always preferable. 
140. The polynomials of odd degree may be treated in a simi- 
lar way, most simply by differentiating (28). If we put 
r—yp 
HH” = —_G 30 
v or yd ( ) 
we get 


r—2 

Bip) Ah) het) ed a) ek ee al) 
v=0 

The coefficients H’? are evidently also positive. By means of 


the table of H“’ given below, we may, for instance, immediately 
write down 


Box) = — (1 — 2a) Get t+ 8 + 2? + Poe). 
Table of H‘ 


r jiv=0] 1 2 3 4 5 6 7 8 
2 2 0 
2 
3 21 4 0 
246 
4 ao 2 eG 
2 2 6 
5 4 1 S| 3 | 4g 
2 10. |, 10 
6 now) a 2 5 
2 3 eh 6 
, a 5 41 | 236 | 691 | 61 | | 
2 2 Cooeet C18 Foca ecz10 
- a Te |) 0s || 350" | ago | 35 
2 2 3 6 2 2 
1" 44 77 | 293 | 1519 | 1287 | 3617 | 3617 | 
i D 3 3 3 6 3 10 | 30 | 
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141. As G” and H™ are positive, we may, from (28) and (31) 
draw various conclusions comeerning the polynomials A, B2,(0) and 
Bz, ~1(z). For instance, (28) shows that A, B2,(0) does not change 
its sign in the interval (0, 1), and that this sign is (— 1)’. This 
also holds for r = 1. It is also seen that this polynomial contains, 
for r > 1, the factor x?( — 1)? and has, therefore, double roots 
atx = Oandz = 1. Inthe interval (0, 1), A,B2,-(0) has a numer- 
ically largest value which is attained for x = 4; this also holds for 
r = 1, and the polynomial is symmetrical about this point. 

By (81) it is seen that Bz, _1(x) contains, for r > 1, the factor 
x(x — 1) (w — 4), and that 0, $ and 1 are single roots. 

142. Bernoulli’s polynomials may be defined in another way 
ie is useful on many occasions. It may be proved that, for 
|7 27. 


TI 


e —1 


v 
T 


a 5. (x) ° (82) 


foo} 
Sy) 
_ 
0 
~ 


For, multiplying both sides by e’ — 1 and expanding, we get 


7? 73 3 
CEs igi coe = 


2 3 2 
(++ Se an :) (Buc) == Bi) rh 5 Bal) apes : 


If, now, we compare the coefficient of 7” on both sides, we arrive 
at the recurrence formula (4) which, as we have seen, suffices for 
determining these polynomials. 

If, in particular, we put, in (32), 2 = 0, we find 


7” 


B 


f (33) 


ao 
ae 3 
ae 
ov! 


For x = 4, we get 


DOE Wl EL hy 
oe ra ae Pita): (384) 
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143. We will, finally, derive an expression for B.y, showing how these 
numbers behave for large values of ». We start from the well-known ex- 
pansion.! 


x £ se x? 
=l]——+42 re 
e*—1 2 ms ce a? + 47%? Go) 
If we put 
seep 
Pied ee 


and note that 
fos) 2n 
et eee yee 
ab apt Qn) ’ 


we obtain from (35), changing the order of summation, 


xz v So 2Son 
= Gigs = hyo! “ 2n 37 
eo 1 cr gO es 
By comparison with (33), we therefore learn that 
2(2v)! 
ee v+l1 
By = (— 1) (Qn) So (v > 0). (38) 


As so, — 1 for »y > ©, it is seen that Bernoulli’s numbers which, to begin 
with, have small values, tend to infinity with ». The exact order of mag- 
nitude can, if desired, be found by Stirling’s theorem. 
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144. The relations between sums and integrals derived in §12 
were of such a form that the corrective terms were expressed as 
differences of the function under consideration. Now we shall 
derive a relation where the corrective terms have the form of dif- 
ferential coefficients. 

We begin by defining, by means of Bernoulli’s polynomial B,(z), 
a periodic function B,(x) with the period 1 which, in the interval 
0< x <1, is identical with B,(x). We call this periodic function 


1 Bromwich: The Theory of Infinite Series, p. 233. 
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the periodic Bernoullian function of order v. It is completely deter- 
mined for all real x, by having to satisfy the conditions 


B,(z) = 1 (2) 00.0 <1, 


< s (1) 
B,(e + 1) = B,(a) for all x. 


If v is different from 1, B,(z) is evidently continuous for all 3; 
as in that case B,(1) = B,(0). On the other hand, 6,(x) has the 
appearance indicated in figure 3 and is, therefore, discontinuous 
at thespounts 0) se. eens 


Fie. 3 ~ 


From these properties of B (2) we may conclude that 
DB,(«) = »B,_(@z) > D, (2) 


so that B,(v) possesses bere differential coefficients of all the 
orders 1, 2, ., » — 2, while the differential coefficient of order 
y— lis eee neinuOTe at the pointsz = 0,4+1,+2,... 

145. We now consider the integral 


Raa \ Bnl6 =O) 0s (x + t) dt. (3) 
0 


m! 


We obtain from this, by partial integration, assuming m > 1, 


iy == 


oe aaa es 


and, treating Ff, - ; in the same way, and so on, 


ae 


.m 
hoes 
2 


i PS Satan 6) + fy. 


§14 EULER’S SUMMATION-FORMULA 131 
We now assume 
Ons p=", (4) 
so that instead of B,(6) we may write B,(6). As Bye — t) is dis- 
continuous for ¢ = 6, we write R, in the form 
= alee 
Ri, = —- it Bie — bt) f'(« + bdt - j Bye —t+1)f'(a + tdt, 
0 8 


whence, as B,(z) = — i for 0 sz < 1, 


=f v@+ou- 0-9 (re+na- [re + oa 
0 0 0 
z-+1 


= f@ + 6) — B®) Af) — | fOdt, 


and consequently, inserting this expression in the above expression 


for Rn, 
je+6 = [rod +370 poe Ree wey 


This formula which is also valid for m = 1, is called the general 
Euler-Maclaurin formula We proved it in §13(17) for the case 
where f(x) is a polynomial P’(x), without having, in the special 
case, to put the restriction (4) on @. 

146. From (5) we may now easily derive the desired summation- 
formula. For, summing from x = 0 tox = k — 1 we obtain 


Hs 9 a4 SEO 
Beto = [oat saP[yo-r@| +R, © 


where, according to (3), 


== 5 (28 pele! ) rem (s + dt 


s=0 


apes prBw=n nO —O pem (de 


s=0 


2 — [ee pena (7) 
0 m! 


1 See, for further particulars, N. E. Norlund: Mémoire sur le calcul aux 
différences finies, Acta Mathematica, vol. 44, p. 98. 


or 
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Formula (6) with the remainder-term (7) is called the general 
Eulerian summation-formula: 


147. It is easy to indicate sufficient conditions for the validity 
of this formula fork. If 


me > f(s + 6) and { seoae converge, 
s=0 0 


28" U(k)>.0 fork—e(-= 1, 2-~ ..m), 


we obtain from (6) and (7) 


3 sls +6) = fat — 3-7-0) +B, 
s=0 0 Ve 


R= -{ = Bn Cv oO = 2) emt), 


~ 


(8) 


The convergence of the remainder-term follows from the condi- 
tions 1° and 2°. 

148. The two most important particular cases of (6) are ob- 
tained for 6 = 0 and @ = 3. The practical importance of these 
cases is due to the fact that for these values of @ every other term 
of the expansion vanishes. 

Assuming first 6 = 0, and putting m = 2r, the remainder-term (7) 


may, as Bo,(— t) = Bz, (1), be written in the form 


: A ,Bo,(0) 


oy (2r)! 


(Gai =| for-v wo], 


so that we obtain from (6) 


(Gow 
2 I= noaa] sem [+72 Sel ce -9@ [+R 
& A ,Bo,(0) 


Raa == ona. (10) 


(2r) ! 
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As ABo,(0) does not change its sign, we may apply the Theorem 
of Mean Value and find 


Ay 
B= ~for(y (Seat 


+Dor 
= = 152009 (a 


1 
or, as { Betoa == (), 
0 


_ KBay 


Sap @- (11) 


149. The Error-Test therefore leads to the simple result, that 
if f?) and f@" +” both keep their signs and have the same sign, 
then the error is numerically less than the first neglected term and 
has the same sign, assuming that this term does not vanish. 

If it is only known that f?” does not change its sign, we may 
also establish a simple practical rule. As the numerically largest 
value of A; Bs,(0) is Bo,(4) — Bo, = (2!-2* — 2)Bz,, we find from 
(10), if 6 is some number comprised between 0 and 1, 


R=02- aim) S| gon ng | (0<6<1). (12) 


In particular, we have the convenient rule, that if f? does not 
change its sign, the error is numerically less than twice the first 
neglected term, and has the same sign. 

Both this rule and the rule derived from the Error-Test are ap- 
plicable for k > ~. 

150. Next, we put in (6), 6 = 34, assuming againm = 2r. The 
remainder-term (7) may, as B2,(4 — t) = Bs-(4 + 0, be written 
in the form 


¥ A ,Bo,(3) 


oa (2r) ! 


2r Br,(2) ) ar —1 
ponds — ED gor oy |, 
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so that we obtain, from (6), — 


ts . ee 
ZhetH soa Reaper 
ie A ,Bo,(4) 
0 (27) ! 


As the numerically largest value which B2,(x) — B2, can assume, 
B:,(4) — Bs, we see, on writing the numerator in (14) in the 
form 


eee @ +R, 43) 


R=- {2 dt. (14) 


[B2,(t + 4) — Bz] — [Bo (3) — Berl, 


that it does not change its sign. We may therefore apply the 
Theorem of Mean Value and get 


Bod 

R = —fen @ | ee aa ) at 
rage 

= —hf en of ae ae BB) ay 

1. 1 a 1 R Sa R. BA — 
\ B:,(t + 3) dt = ray |B +13) — Bar + a) | =) 
consequently 
_ Bo (2 ) 


(2r) 
ai (15) 

151. The Error-Test leads to the same rule as in the case of 
(11), as Bo,(4) and Bo, 4 (4) have opposite signs. 

If it is only known that f@” keeps its sign, we may here also 
establish a practical rule. For in this case we derive from (14), 
the numerator assuming its numerically largest value for ¢ = 3%, 
the same expression as (12), only with the opposite sign, and con- 
sequently, introducing B:,(3) instead of B2,, 


Better ol a 
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If f°” does not change its sign, the error is, therefore, numerically 
less than three times the first neglected term and has the same sign. 

The convenient practical rules derived from (12) and (16) would 
seem to indicate that (9) is a more accurate formula than (13). 
As a matter of fact it is rather the other way round, as appears 
from a comparison of (11) and (15), although the difference is not 
great. 

152. We shall refer to (9) and (13) as the first and the second 
Eulerian summation-formula respectively. They are so often used 
with the general limits of integration a and b instead of 0 and k, 
that we find it practical to state the results explicitly. 

If, in (9)-(11), we put 


_ 
f(z) = Fa@t+ha) (2 = i *\, (17) 


we find 


he y Flatshy= (Pade 5 - [ra] +" z 2 [Fee | + | 


* A -Bo,(0) 
0 (27) ! 


- kB,,h?* +1 
~ (r)! 


R = —h* +1 Fen (a + ht) dt (18) 


Fen (8). 


If, in (13)-(15), we make the same substitution, we obtain 


r—l 
h> DF (a+5 +sh) =| Peas 45 a = [Fe-me) | + 
s=0 y=1 a 


R= —h2 +1 "A Borl3) rary (a + ht)dt (19) 
0 (2r) ! 
_ Bahr +3 


ry! OTE) 
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153. As a numerical example, let us calculate the same sum as 


= ; 1 
in No. 127, making in (9) k > o, and putting fw) = Ge +n? 


We thus obtain 
1 I= “il B, 


1 
in : 5 een 
y 6! 2 ie: * yest 16st ie? t ey 


the error, stopping at a certain term, being smaller than the first 
neglected term, as f@” and f@7 +” keep their signs and have the 
oa is numerically smaller than 4 units of 
the 8” decimal, we may, considering the degree of accuracy re- 


same sign. As already 


foe) 


. ; 1 ; 
quired, stop at By, and thus obtain > — = 0.0644938, all the deci- 


16 ¥~ 


mals being reliable. If, to this, we add the directly calculated sum 
15 = 


1 1 : 
2— = 1.5804403, we get 2 > = 1.6449341, the first 6 decimals 
Ly bee 


~ 


being reliable, the last one, as a matter of fact, being also correct. 
It follows from §13 (38) that the expansion employed for the cal- 


culation of ~ — is divergent if continued indefinitely; which, as we 
16 p* 


have seen, does not prevent its being used for numerical calcula- 
tions, provided we can indicate limits to the error involved. We 


foo} 


may even in this way calculate 2 — to any given number of deci- 
LR 


mals, if we begin by calculating a suitable number of terms directly, 
and thereafter apply the summation-formula. 

154. [ulerian formulas for repeated summation or integration 
are derived in the same way as the corresponding Gaussian formu- 
las, see No. 130. We content ourselves with deriving a spccial 
formula which has applications to actuarial problems. 

We find from §11(30) for & = 1, in the case of convergence, 


iI ‘ iP F(x)de? = \ (t — x) F@dt. (21) 
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If, in (8), we put 6 = O and replace f(r) by f(r + x), we get 


J sodt = 390) + 3 F-P @] +R, 


= [Fe pc + x)dt. 
0 m! 
In this formula, we put 

f® =¢-2) FO, 

so that 
fO ) = ¢-a)F & +nFo-» 6, 
and 
fo Gy = Gy Fe), 

and obtain by (21) 


i \ iG seville 3 2 v1) Fe (c) +R 
v=z+1 y=2V 1 


or, by §11(14), 


foo} @ (vy — 2) 
j ir ee Oe Oe Oa 
z z y= 2 V (v — 2) ! 


R= (CD Rm ota) tmPo-9 e+ aide 
0 m! 


We now put m = 2r and 
Bz,(t) = A, Bor(0) -- Boe 
Hence we have, for the remainder-term, 


5 A, B2,(0) 
0 (2r)! 
nae 
Ten! 


R= [EPP + 2) + ar FO -%E+2)]dt 


is EPO +a) + ar FO -YE+2)] di 
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but the second integration on the right can be carried out, the 
result being ~. 


\s {t Fee 4. Zz) +. or Fer - Dt ae x)|dt aes (2r ae 1) pez), 
0 


Inserting this in the expression for the remainder-term, we obtain 
the final formula 


© © ‘ r ee Fe — 2)(y) 
i) f F(a)dz? = = a eee Op @ ay, t® (22) 
Eas BEG 


R= [eFC +2) + 2rF™- E+ x)]Jdt. (23) 
0 (2r) ! 


This formula is, according to No. 147, valid, provided that: 
L \ \ F (x)dx? and =” F(x — 1) converge; 


2. tF® (t) >0fort—> © (n =0,1,2,...,2r—1). 


The convergence of the remainder-term follows from 1 and 2. 


§15. Lubbock’s and Woolhouse’s Formulas 


155. Ifasum, containing a great many terms, is to be calculated, 
it is natural, as a first approximation to the required sum to take, 
say, h times the sum of every h* term. To this must, then, be added 
certain corrective terms; and these may either be expressed as 
finite differences, or as differential coefficients. In the former 
case, we have formulas of Lubbock’s type; in the latter, formulas 
of Woolhouse’s type. The summation-formulas of Laplace’s and 
Euler’s types may evidently be regarded as limiting cases of the 
types dealt with in this section; we have, however, found it more 
practical to derive them separately. 

156. We obtain from the interpolation-formula with descend- 
ing differences 


s ea WT eae) 1/s\”_, 
An+i)= "2 ail) aram +5(5) 2: see 
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We now write, for abbreviation, 


1 4-1 /5\) 
4-72 (i) 2 


(r) 
and sum (1) foms =Otos=h—1. As (:) does not change 


its sign for the values of s employed, we may apply the Theorem 
of Mean Value to the remainder-term and find 


4 = as 
Bin 4°) ="3 A, A°sln) + A.J (0. 
s= v=0 

We see immediately from (2) that Ay) = h. Keeping the first 
term on the right apart, and summing from n = 0 ton =k — 1, 
we therefore obtain 


r—1 


kh —1 E—1 k 
a (*) =h 2afe)+ 2-A, | a" 70) | +kA,-f® (. (8) 
v= 0 v=1 

In this formula, the larger interval has been taken as unity. 
In practice, it is as a rule more convenient to choose the smaller 
interval as unity which may be done by putting f(z) = F(hz). 
Introducing the notation 


A, = £' -1, 


the resulting formula may be written 
kh —1 ha 


1 r-1l kh 
SFO) =h= Fie) + = A,| Ai Fo) | + kht A, F (8). (4) 
0 v=0 v=1 0 


This is Lubbock’s formula with its remainder-term. 
We still have to calculate the coefficients A,. This may be done 
(v) 
in several ways, e.g. by expanding (:) in powers of s and sum- 
ming by Bernoulli’s polynomials. But we may also find a re- 
currence formula for the A, An examination of (2) shows that 
A, is the coefficient of x” in the expansion of 


h-1 


pedi 2) 


s=0 


lo 
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which is easily summed, so that 


= =AjtvAitzAet..., (5) 
-—1 


= 


(1+ 2) 


whence 


Hee Al! 1 1 
x= (AptxAi+27242+...) (i) a (3) + (1)a + i 


As the coefficient of x” on the right vanishes for »y > 1, we have’ 
in addition to Ay = h, 


(s(t Qaatir(Ljane 6 


which serves for the successive calculation of the coefficients A,. 
We find 
(h? — 1) (19 h? — 1) 


Pe ads 720 hi 
list (h2 — 1) (Qh? — 1) 
Arar sca 480 hi 
peek wlio Ag = — C21) (863 bt = 145 ht + 2) 
12h 60480 hs 
ie oes A= CTD O75 ht = oh + 2) 
24h 24192 hi 


We give below a table of the numerical values of these expressions 
as far as'/jie = 11. 


h —As As —A 
2 0.125 0.0625 0.03906 25 
3 0.22222 22222 QO. 11111 Aaa 0.06995 88477 
4 0.3125 0.15625 0.09863 28125 
5 0.4 0.2 0.1264 
6 0.48611 a 0. 24305 55556 0.15371 01337 
7 0.57142 85714 0. 28571 42857 0.18075 80175 
8 0.65625 0.32812 5 0.20764 16016 
9 0.74074 07407 0.37037 03704 0.23441 54854 
10 0.825 . 0.4125 0.26111 25 
il 0.90909 09091 0.45454 54545 0.28775 35687 
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h As = Ks Ay 
2 0.02734 31D 0.02050 78125 0.01611 32812 
3 0.04938 27160 0.03734 18686 0.02956 86633 
4 0.06982 42188 0.05294 79980 0.04203 79639 
5 0.0896 0.06803 2 0.05408 
6 0.10903 74228 0.08284 85499 0.06590 15960 
7 0.12827 98834 0.09751 03911 0.07759 52197 
8 0.14739 99023 0.11207 48520 0.08920 81261 
9 0. 16643 80430 0.12657 41007 0.10076 69086 
10 0.18541 875 0.14102 75625 0.11228 76562 
11 0.20435 76258 0.15544 76532 0.12378 06658 


157. It is seen from (6), that A, is a rational function of h. 
It is easy to find limits between which A, is comprised. Let us 
assume v > 2 and apply the Theorem of Mean Value to (2), retain- 


ing under the sign 2 the factor : @ _ 1) As 


h 


= i(j-1) 
> es = ss, 
aah, ye 


we get 


= being comprised between 0 and h — 1. 

As Az is negative, it is seen that A, (apart from Ao) has the 
sign (—1)’* 7. 

From (7) we obtain simple limits to 4, by putting & = 0 and 
& =h, viz. 


— 2A, —2A, 
Vv 


ay <l4l< (v > 2). (8) 


158. By Stirling’s and Bessel’s interpolation formulas, we 
obtain certain formulas which are more suited for numerical cal- 
culations than Lubbock’s original formula. 
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We have by Stirling’s formula 


Aes \ [29] 
s(n +2) ste oni (7) ac A) 


r-—1 i [27] —1 
seers ect 


x 


(2r] —1 
+7) Antennal... 4-0). 


We now assume that h is a positive integer, and put 


1 (h—-1)/2 (x [27] 
en en 
2 (VIS gene NR @) 


the summation referring to x, and x assuming in succession the 
values 


—(h — 1)/2,1 — (h — 1)/2,2 —- (h -1)/2,...,(A—1)/2. 
=) with regard to these values, we get 


ae if r-1 
f\n Ae =) = 2 Pap 8 f(n) + R, 


Summing f (n + 


ae 
(h-1)/2 /» (2r] —1 x 

R= > (@) f(n+f,n,0£1,...,.n£¢-0), 
(tA sbyP) h h 


But if, in this expression, we write —x instead of x, we see that 
FR may also be written in the form 


(Ah —1)/2 a \ rl — 1 
R=- z ) s(n - 5m, +1,. snk), 


(ai ik)2 


and forming the arithmetical mean of these two expressions, we 
find, exactly as in No. 30, 


1 =) on i 
page = r 
Crna sia Wt fe 
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{2r] 
or, as @) does not change its sign for the values of z employed, 
we have by the Theorem of Mean Value, 
R = P,, f? (&). 


We have, therefore, proved the formula 


(kh — 1)/2 zx r—1 
Bn +2) =" Pao fn) + Py J” (8. 


—(k-1)/2 h 


But from this we obtain by summation with regard to n from 
= 0ton =k — 1, keeping the term containing Py (= h) apart, 


hk — (h +1)/2 ( 


k-1 r—-—1 k—4 
(zt) =n > 40) +°2 P,|s-*7@)| +R 

0 ye=l —43 
R=kP,, f® (8). 


f(z) =F (n+ *=4) 


y= —(h—1)/2 


(10) 


If, finally, we put 


and 
4 


Sh BE’, 


we obtain the more hee form 


icles 


r—1 hk — } 
*) 42 yy P, | -F@ |, +R 
R=kP, VE”. 


We have still to calculate the coefficients P,,. We find from (9), 
developing in powers of x, for vy > 0 


1 G02 >» /y\% DH Ql 
lig = z D2; (7) = 
GAloagsneeei i (2u)! 


1 > 2% Ql] (A 1)/2 
eee 
(27) ath (2p)! Sai, 


hk —1 
a FQ) = ie > “F 


v=0 


(11) 


§15 


144 INTERPOLATION 
h—-1 
but by § 13 (21) we have farz = — Sree & =2nn =h 
(h — 1)/2 
> ag 
a (ee) 


Pale (Lal 
= ('B, (0-3 +5 )a 


so that, for» > 0 
Oy aes D™*0™ A+1 
S PTR (At), (12) 


Eom O)itveth Cpl. oe. 


These coefficients may also be calculated by the recurrence form- 
It is seen immediately from (9) that P., (apart 


ula §18 (48). 
We find for the first few values 


from P,) has the sign (— 1)’*}. 
(h? — 1) (ITH +7). 


Fe ares ee Sey ee 
a aod he ee 5760 h3 : 


p, — G2 1) G67 ht + 178 h? + 31) 
oh 967680 hé j 
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A table of the numerical values of these coefficients for various 
values of h is given below. 


h P, = Py Ps 

2 0.0625 0.00488 28125 0.00064 08691 

3 0.11111 Helatia 0.00823 04527 0.00106 69105 

4 0.15625 0.01135 25891 0.00146 57974 

5 0.2 0.0144 0.00185 6 

6 0.24305 55556 0.01741 33552 0.00224 22861 

7 0.28571 42857 0.02040 81633 0.00262 64567 

8 0.32812 5 0.02339 17236 0.00300 93491 

9 0.37037 03704 0.02636 79317 0.00329 14081 
10 0.4125 0.02933 90625 0.00377 28926 
11 0.45454 54545 0.03230 65364 0.00415 39637 


We shall refer to the relation (11) as the second formula of Lubbock’s 
type. In comparison with (4), it offers the advantage that the cor- 
rective terms only contain differences of odd order. In practice, 
it is as a rule only applicable if h is an odd integer, h = 2m + 1; 
as for h = 2m use is made of the values of F(2mv + m — 4) which 
are not found in the given table. 

159. A similar formula may be found by Bessel’s formula as 
follows. We have by this formula 


. x “=. 1 ‘Glee A. F 
(44th) = "3 A Os’ fin + 3) 


r—1 1 Gla. Bea 5 
ae Cae) i 


z (2r+1)-—1 r 
Aa n+iti,nnsl,....me(r—D,ntr). 


Assuming h positive and integral, and putting 


1 (h—2)/2 /y~\Qv+N-1 
Qs, z () ’ (13) 


~ (27)! - a= 2,2 
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we find A 


~ 


(h — 2)/2 x - ; 
2 (n+ 44%) =" 2 QO ae fn+4+R, 
—(h—2)/2 = 
(hk — 2)/2 a \ r+ 2 
Tiss gS (2) (nti + pin tly, _m&(r—D,n-+7). 
—~(h—2)/2 \h h 


x f2r+1)-1 
As @) does not change its sign for the values of x em- 
ployed, we may apply the Theorem of Mean Value and get 
Fe = Qe, 2? (€). 


Keeping the term containing Qo(= h — 1) apart, the formula 
may be written 


h/2—1 
>>) 


see h h 1 
Bsn + 3 i ) = “a Fim) same AC ab) ue 3 A f(n) 


n—1 
+73 Q,05"A(n + 3) + Qn I (©. 


Summing now with regard to n from n 


= 0ton = k — 1, we 
obtain 
hb t k-1 r—1 
ait) =n 2 so) 4S 5 lvls. +'3 @,[o%- ye] +R 
»>=0 (14) 
= kQz, f (8). 
If, finally, we put f(z) = F(hax), we find the more practical form 
hh pe hk 
e 'FQ= =h> 2 F (lw) zs “re + 2 Q, | oF) | +R an 


= k Qs, h” F et (é). 


The coefficients Q,, may be calculated as follows. We find from 
(13), developing in powers of z, 


1 (h — 2)/2 v (2\" D092” +1}-1 
,= > Saale : 
Qs i 


(2r)! -@—2)/2 p ey een es 
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but on comparing the expansions of z"I— and z!*"! in powers of z, 
it is seen that 


Dell -1 = ae +19 [n] 
s+1 ¢ 


so that 


1 » 7% + 19 [2 +1) (kh —2)/2 
zy PORTA TRaAGS zZ x, 
(2y)!,=0h*(Qu+1)!-~a-2ap 


Q2, > 


We therefore have 


2 ’ D* ae 19 [2» + 1) h 
Q:, ra ©) 


@) lan oh™ (Qu + 1)!(Qu + 1) Bm +t (16) 


These coefficients may also be calculated by the recurrence formula 
§18(51). Itis seen from (13) that Q., has the sign (—1)”. The 
first few values are: 


s oy .  -1 , _ @=1) (1h +1). 
Qo ca h i Q: aa 12h 3Q4 = 720 h3 ) 
pe (h? — 1) (191h4 +.23h2 + 2) 

, 60480h5 


A table of the numerical values of these coefficients is given below. 


h —Q: Qu ~Qs 
2 0.125 0.02343 75 0.00488 28125 
3 0. 22222 22222 0.04115 22634 0.00853 52843 
4 0.3125 0.05761 71875 0.01193 23730 
5 0.4 0.0736 0.01523 2 
6 0.48611 11111 0.0893 54218 0.01848 38380 
7 0.57142 85714 0.10495 62682 0.02170 86418 
8 0.65625 0.12048 33984 0.02491 66489 
9 0.74074 07407 0.13595 48849 0.02811 35002 
10 0.825 0.15138 75 0.03130 25625 
11 0.90909 09091 0.16679 18858 0.03448 59703 


We shall refer to (15) as the third formula of Lubbock’s type. It 
only contains differences of odd order and is, therefore, preferable 
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to Lubbock’s original formula. In comparison with (11), the second 
formula of Lubbock’s type, the latter is as a rule to be preferred, 
as the coefficients decrease more rapidly, and the formation of 
arithmetical means of differences is avoided. But if his an even in- 
teger, h = 2m, (11) is inconvenient while (15) may still be employed." 

160. Limits to the coefficients P,, and Q,, may be found by a 
similar process as that employed in “the case of A,. Thus, we 
obtain from (9), assuming vy > 1 and 0< @< 3, 


= aE 2 2 2 
Ld ae arenes — 6)(2 —6)...[v—1) — 6] 2P, 
showing that these coefficients have alternating signs and (for 
= 0) that 
| Poel S Bey 
ri) 


Similarly, we obtain from (13), assuming vy > 1 and 0 < @6< 1}, 
eee (Qvy — 1)? | 
S (Sher $— ee xe 


showing that the signs are alternating and that 


felis 0.( "2 (4y — 3) 


161. In order to deduce Woolhouse’s formula we put, in §14 (9), 
k = mn, and in §14(18),a =0,b =mn,h=n,k =m, F =f, 
and subtract the two formulas from each other. We find, re- 
placing s by », 


mn—1 m—1 mn r— Fey B mn 
Zfoyanzsom+ "| gta) P's Senn ¢°-0G@) [FR 
=1 (27) ! 0 
mn2rA Bo, (0) =a AntBor 0 
ie n{ (ry ( ) p20 (mtd, (18) 


In order to be able to apply the Theorem of Mean Value to this 
integral, we proceed to show that the function 


n?" A Bo,(0) — AntBo-(0) (19) 
1 See the paper by I. Lehmann quoted in No. 22. 


» (17 
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does not change its sign, as nA ,Bo,(0) is always numerically 
greater than, or equal to An:B:2,(0), so that the sign is (—1)". 
: : : 1 

In proving this, we may confine ourselves to the interval 0 Sf a 
for the function (19) is periodic with the period 1 and symmetrical 
about ¢ = 4; and for 0 <t < 4 the function n?”A,B:,(0) is numerically 
increasing with ¢t, while A,,B:2,(0) attains its numerically largest 


1 
lue for ¢ = — (see fig. 4). 
value for of (see fig. 4) 


2 / 2 


Tia. 4 
; : 1 Fae : ; 
But in the interval 0<t< es (19) is identical with 


n?* A ,Bo,(0) 7 AntB2,(0), 


and according to §13 (28) this function, the coefficients G,‘” being 
all positive, does not change its sign provided that the expression 


nt — o)* — (nt — n7t?)* 
keeps its sign. But this expression is positive for 0<t<-, as is 
seen by writing it in the form 
vine —*(1 — t)* — 1 — ni); 
and the proof is complete. 
We therefore obtain from (18) 


"2" A Bor (0) — AntBar(0 
R = nf? () i “ os Oa 
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In order to calculate the integral, we note that if w(f) is a periodic 
function with the period 1, and n and m are positive integers, then 


ocunat = x {ato = 1m it ‘(Ode 


RM sea) (8) (2 — 1) if’ A Bu, (0) dt, 


Hence 


“ant 


and consequently, by §13 (2), 


SFE, (20) 


tk, Bo, 
(2r)! 
being the practical form of the remainder-term. 

Woolhouse’s formula (17) with the remainder-term (20) 
preferable to the formulas of Lubbock’s type in those cases where 
it is easy to calculate the differential coefficients of f(x). 

162. A variant of Woolhouse’s formula is obtained if, in §14 (13), 
we put k = mn, and replace f(r) by f(r — 4); in $14(19) puta = 
—4,b=mn—},h=n,k =m,F =f; and subtract the two formu- 
las from each other. We thus obtain, replacing s by », 


mn—1 m—1 r—1 1 mn—} 
5 so)=n"s 4(m+ 2) "a 22 a | fo @ |" +B en 


= a) es ee AnBor(3) 
(2r)! 


fer(nt — 4)db. (22) 


In order to be able to apply the Theorem of Mean Value we 
proceed to show that the function 


nA Bor(3) — AntBor($) (23) 
does not change its sign. For similar reasons as in the case of (19) 
we may confine ourselves to the interval 0<t< = In this interval 
(23) is identical with 

n* A ,Bo(3) — AntBor(§). (24) 
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For r = 1 it is easily proved that this expression vanishes iden- 
tically and therefore does not change its sign. 

For r>1 we note that the function (24) vanishes for ¢ = 0, and 
that its differential coefficient, apart from the constant factor 2rn, is 


n® —1By, (t+ 4) — Ba — (nt + 9). ee 


We need only show that this expression does not change its sign 
in the interval. 
Now we have by §13(81) for r>1 


r—2 
Bay —1(@ +4) = (— 1) #2 BH — att, 
v=0 
the coefficients H,” being all positive. The function (25) will 
therefore keep its sign, if the expression 
keeps its sign; but this expression is evidently positive in the in- 
terval. 


Having thus proved that the function (23) does not change its 
sign, we obtain from (22) 


BX t Bo, (4) Sa Ant Bor(4) 


2r “nm 
Ranger | (nr)! a 
2r 2r ‘ A: Bor(2) 
= mnf?r(t) (n*r — 1) F ace, 
or finally 
—s Bs,(3) D4 ght 2r 
R=- (ar)! mn(n 1)f 2” (&). (26) 


We shall refer to (21) with its remainder-term as the second 
formula of Woolhouse’s type. 

It should be noted that (21) is only of real practical value, if n 
is an odd integer n = 2k + 1, as form = 2k, terms of the form 
f(2kv + k — 4) occur in the formula. 

163. The application of the Error-Test to the formulas de- 
veloped in this section, is immediate. Confining ourselves to the 
case where the first neglected term does not vanish, the condi- 
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tions for the error to be numerically smaller than this term, and to 
have the same sign, are brtefly the following: 
Lubbock I: FOE TY SOG, 
— II & IIt: FG) Per+2) > 0, 
Woolhouse I & II: fe@nfer+»> 0, 


164. Exactly as in the case of the summation-formulas of §12 
and §14, we may let the upper limits of summation tend to infinity, 
provided that the sums converge and (in the case of the formulas 
of Woolhouse’s type) the differential coefficients vanish at the 
upper limit, and the Error-Test remains applicable under these 


circumstances. 
349 


1 
165. As a numerical example we propose to calculate = = by 


200 
f 1 
(11); putting k= 10h = 18, FG) = 300 0° For the coeffi- 
cients P,, we have 
P 28 P 6706 1163716 
ee iis 151875’ ~° 205031250" 
We now form the following table 
1 

v 15v + 207 15 + 207 516 715 S15 
=2 177 0.005649718 
=i 192 BeosseS | See 3070 

0 207 asopia: | ee) tele |) = tae 

1 229 4504505 : 

2 237 4219409 

3 252 3968254 

4 267 3745318 

5 282 3546099 

6 297 3367003 

7 312 3205128 

8 327 3058104 : 

9 342 2923977 Bc 11270 

10 357 2e020 0 | Sioa 9909 aoe 
i 372 2688172 


. 


9 
2 = 0.037368715 
=o 
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and obtain by (11), apart from the remainder-term, 


349 1 
Y — = 15 X 0.037368715 + P2 (—0.000122857 + 0.000377415) 
200 ¥ 
+ P, (—0.000001361 + 0.000012968) 
= 0.560530725 + 0.000158392 — 0.000000513 
= 0.56068860. 


For the remainder-term we find! 


6! 
R = 10P,.15* G00 + H? < 9.0788, 
so that the error does not exceed 9 units of the 8” decimal. The 
correct value to 8 decimals is, in fact, 0.56068862. 
If we calculate the same sum by the second formula of Wool- 
house’s type, (21), the principal term remains unaltered, while for 
the corrective terms we find 


AS al eh la okt otal, Ot RG 
12 2! \199.5? 349.52/ 240 4! \199.54 349.54 


= 0.00015789, 


so that the result becomes 0.56068851. This result can only be 
affected by forcing-errors, as we find, by (26), for the remainder- 
~ term 


R= 


56 — 1) —_—__. < 0.0831. 
) G00 4+ 5! 


Be(3) , , 6! 
oO 
6! 


166. Whether, under given circumstances, Lubbock’s or Wool- 
house’s type is to be preferred, does not entirely depend on the 
accuracy obtainable by a given number of terms—in which respect 
Woolhouse’s type is preferable—but also on the difficulty involved 
in calculating the differential coefficients. If the numerical values 
of the integral of the function are easily accessible, neither of these 
formulas should be applied, but a formula of Gauss’s or Euler’s 


type. 


1Tnstead of m zeros in succession we shall sometimes, for abbreviation, 
write 0”. 
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§16. Mechanical Quadrature 


167. By a formula of mechanical quadrature, we! mean a formula 
expressing the approximate value of an integral as a linearfunction 
of a certain number of values of the function to be integrated. 
Formulas of this nature may be obtained in many different ways; 
here, we confine ourselves to considering certain formulas obtained 
by integrating Lagrange’s interpolation-formula between definite 
limits. If these are fixed, for instance 0 and 1, and the arguments 


; 1 2 n-1 
Qo, Q, ... G, also, for instance 0, ite se acre 1, we may 


once and for all calculate the coefficients of the values of f(@) em- 
ployed in the formula (Cotes’ method). As we may always, by a 
linear transformation, ensure that the limits of integration become 
given numbers, we may at any step of our calculations use the 
limits that lead to the simplest operations. 

168. We content ourselves with deducing certain quadrature 
formulas for which it is possible to give | the remainder-term a prac- 
tical form. 

Using first for the interpolation the points 0, +1, +2,... +7, 
we put? 


P(r) = x(a? — 1) (x? — 4)... (2? — 7?) (1) 
and 


Pia) = (2) 


v 


v being one of the values 0, +1, +2, ... +7, and find, by La- 
grange’s interpolation formula 

> PC) 
r P,(v) 


Here, f(z, 0, +1, ...-+r) means the divided difference of 
order 2r + 1, formed with the arguments xz, 0, 41,... 47. 


fe) = = Sf) + P@s@, 0, £1, =r). (3) 


1 Many authors use the expression as comprising all formulas which can 
be used for numerical integration, comprising also the summation-formulas 
of Laplace’s and Euler’s types. 

2 In the case of r = 0, we put P(x) = =. 
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We now put, m denoting a positive integer, 


ee ee) 
U, = ae da. (4) 
As P(—x) = —P(z), we have 
P(-2) = 5O# - 28) 


—x—-—yvy “e+p 


or P,(—x) = P_,(x). By means of this relation, we find 


("Pl , _ (Pla) 
ta ae hl eee 


and therefore U_, = U,, as is seen by putting x = — t in the last 
integral. 
Integrating (3) between the limits! +m, we consequently find 


J sede = Uso) + SUL) +H- M+R, (5) 


R= iD P(x)f(z,0, +1, ... 4r)dz. (6) 


169. This remainder-term may be simplified by partial integra- 
tion, but it is first necessary to examine the function 


OG) = ‘ P(tdt. (7) 


We begin by observing that Q(—m) = 0 and Q(m) = 0; the 
latter result following from P(—t) = —P(t). 
Next, we may prove that Q(x) does not vanish in the interval 


+m. If we put 


-(er+1 
i= | P(t, (8) 


1 The case where the limits of integration are + (m + }) has been treated 
recently by <A. Walther: Zur numerischen Integration. Skandinavisk 
Aktuarietidskrift 1925, p. 148. 
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the assertion will eas be proved if the graph of P(£) is as indi- 
cated in figure 5, 


Fie. 5 
that is, if J+ = —J,-1, while the sequence Jo, Ji, Io, ..., and 
consequently also the sequence J_1, 2, J_3, . . . , is constantly in- 


creasing in absolute value. 
Now we have 


—v+l v ty 
ie =| P(t)dt Tt P(—t)dt = -| Pd = —I,-1, 
ae y= y-1l 


Next, if in (8) we introduce P(t) = (¢ + r)@* +, we find 


Le v+1 
Lau = \ (t+ r)@rt+0dt = i (i +r — 1)@r+dt 
y-l1 e 


H1t—r—]1 
= —————— (f (2r + Dt 
\ eRe 7) 


or 
if -_1 = ; elves P d 9 
y—1 ic t -_ (t) t. ( ) 


As P(t) does not vanish in the interval from »v to vy + 1, we may 
apply the Theorem of Mean Value to this integral and get 


Pex ee ea 
. €4+7 


But for »>r we have0 <<—r—1<£-+7, and for 0<»<r we 


(pus <= pig 1): (10) 
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have O<r+1—é<£+r7, so that |J 
desired to prove. 

170. Making use of the properties of Q(x) just proved, we 
may transform (6) by partial integration, and by means of the 
Theorem of Mean Value. We find in this way 


R 


I 


- {"ewseee, 0,41,...47r)dz 


=e, &, 0) ce hye wee +1) |" Qe) dz 


_ ferry 
~ ee eee, 


but we have by partial integration 


["ewae = }2a@ |" - ("2o@az 
=— {"ePwads, 


so that finally, as rP(x) = gl +2), 


# ae (£) 


= ie {2r + 2] 
cama ak az dx. (11) 


171. If unity is chosen as the interval of integration, we must, 
in (5), put f(z) = F(=) If at the same time we write, for ab- 


breviation, 
1 v v 
(asia seg lls Fa =) F( =") (12) 
the formula becomes 


3 r 
[Folds = Volo + 2V,Pu +R, 
3 4 (13) 


R Hs Ome CA): 
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where we have put 


{2k} ees Le ie [2k] 
Oom (2k)! aan A vida 


1 k Ms D* 0% 
~ (2k)! my ,7 (2v +1)! 


A partial check on the calculation of the coefficients V, is obtained 
by putting F(x) = 1 whence 


(14) 


Vo -+ axV, — Ns 
1 


The coefficient of the remainder-term is controlled by putting 
Bauer oe, 

172. The two most important cases of (13) are obtained for 
r =mandr =m -— 1. They are called the closed and the open 
type respectively, because the values of F(x) at the end points of 
the interval are used in the former, but not in the latter case. The 
resulting formulas with 3, 5, 7, 9 and 11 terms may immediately 
be written down by means of the tables given below. 


Quadrature-Formulas of the Closed Type 


x “3 
E & Hs Jey Biegel ass (me Waa | = REMAINDER-TERM 
E is) 5 a 
3 4 1 6 —0.03 35F (¢) 
5 12 32 7 90 —0.08 52F) (£) 
a 272 27 26 41 840 —0.09 64F°8) (¢) 
9 ||—4540} 10496} —928) 5888} 989 28350 —0.0259F 0 (¢) 
11 |/427368] —260550]272400] — 48525] 106300]16067|598752 —0.01542F 42) (¢) 
Quadrature-Formulas of the Open Type 
g 
ge z5 
os Fo nee |e ae es ae 3 : REMAINDER-TERM 
P en 
3 —1 y) 3} 0.03 31F (é) 5 
5 26] —14 11 20} 0.05 11F (é) 
7 —2459} 2196} —954 460 945 0.08 21F%8) (£) 
9 67822|—55070}  33340/—11690] 4045 9072 0.0127F O°) (£) 
11 ||—494042} 427956] 266298] 123058] —35771|9626123100 0.0425 FG2) (£) 


ae eee ee Se a ed ee be ee ee 
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To these may, as regards the open type, be added the one-term 
formula 


[Fede = Fo +2. (15) 


The tables need hardly any explanation. The columns headed 
F.., contain the numerator of V, while the denominator, being the 
same for each line, is stated in the column headed “Common 
divisor.” 

As an example, the five-term formula of the closed type is,written 
in full, 


3 
it F(2)dx = - (12F) + 32F., + 7F..) — 0.0°2F (€) (16) 
-} 
and the corresponding formula of the open type 
3 
\ YC a6 lem temere 55 (20F » — 14F., + 11F 2.) + 0.0511F (€). (17) 
= 


It should be carefully noted that only Fo, being the middle-point 
value in both cases, has the same meaning in the two formulas. 
F'., means the sum of the end-point values in (16), the type being 
closed, but not in (17), the type being open. 

The constants of the remainder-terms have in the tables been 
stated with approximate and slightly too large values, ready for 
the practical applications. For instance 


1 
3 wa, 
0.0735 = 0.00035> 2880" 


The exact values of these constants are, in the case of the closed 
type, 


1 1 1 37 
2880’ 1935360’ 1567641600’ 62783697715200’ 
26927 


65383718400000000000’ 
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the signs being all negative; and in the case of the open type, 


~ 


7 4] 989 16067 
23040’ 39191040’ 475634073600’ 5987520000000000’ 
1364651 


562276042568368128000" 


the signs being all positive. 
The three-term formula of the closed type, or 


3 
i F(ax)dz = - (4F') + Fay) — 0.0335F™ (€) (18) 
—} 


has a special name and is called Simpson’s formula. It must be 
compared with the three-term formula of the open type, or 


ie F(a)dz = - (— Fo + 2F.3) + 0.0331F™ (€). (19) 
—43 


~ 


It is rather striking that the latter formula is slightly more accurate 
than Simpson’s formula, although a comparison between the formu- 
las of the closed and the open type is generally to the advantage 
of the former. 

The formulas of the open type are important on account of their 
application to the numerical integration of differential equations. 
But this subject will be dealt with separately in §17. 

173. The formulas of mechanical quadrature are particularly 
adapted to the arithmometer, but are also easy to handle with a 
product-table carried to two or three figures, especially if the num- 
ber of terms in the formula is small. But as the number of terms 
increases, the coefficients become more inconvenient. It is, there- 
fore, sometimes preferable to apply one of the simpler formulas 
several times to minor parts of the given interval, rather than to 
apply a formula of higher order once to the whole interval. This 
method of proceeding, however, can as a rule only be recommended 
when the required values of the function are at hand, or at least 
easy to calculate; as a formula of this nature, generally speaking, 
does not yield as accurate a result as the formula of higher order 
with the same number of terms. 
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As an example, if we apply Simpson’s formula to the two in- 
tervals (— 3, 0) and (0, 3), and add the results, we get 


Hea) 
46080 ° 


(Peds = 5 OF s+ Pas + Pas) - (20) 
It is at once seen that this formula, using the same values of F(z) 
as in the five-term formula of the closed type, is as a rule far in- 
ferior to the latter. An exception must be made, if PF’ (£) can 
attain such far greater values than F'™ (€) that (20) is, for that 
reason, preferable. 

174. As an example, let us calculate 


ie dz 
100000 Log x 
by means of (16). The data are given in the table below. In this 
we have stated the required values of log x to six places and taken 


1 
“0 log x fost 
100000 5.000000 0. 2000000 
125000 5.096910 0.1961973 
150000 5.176091 0.1931960 
175000 5. 243038 0.1907291 
200000 5.301030 0. 1886426 


out the reciprocals to seven places. It is preferable to carry out 
the calculation with Brigg’s logarithms, and convert to natural 
logarithms at the end of the calculation. 

We now have, apart from the remainder-term, 


ooo00 log x 90 


200000 
\ de = Oe (12 X0.1931960+32 x 0.3869264+7 X0.3886426) 
1 


= 19356.11, 


whence, on multiplying by log e = 0.43429448, 


200000 
\ dt _ 3406.25. 
100000 Log x 
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As regards the remainder-term, we find (see, for instance, §21, 
formula (35)) * 


, 1 eh 120 548 1350 2040 1800 720 
Logz 2°\Log*r © Logix ' Logtx © Log*r " Log*x ° Logix)’ 
Putting x = 100000, we find, as Log 100000 = 11.513, 
1 1.352 


6 


Log eS 100000 
so that, taking the unit interval into account, we obtain 
| R| < 0.0°52 x 1.352 x 100000 < 0.071. 


The remainder-term being negative, the value found for the 
integral is slightly too large. 

175. In deriving the remainder-terms for the quadrature-formu- 
las above, it was of vital importance that the function Q(x) should 
not vanish within the interval of integration. The same method 
is, therefore, not applicable when the number of values of the func- 
tion iseven. In this case, we proceed as follows. 


If we put 
P@=@-pe@r—y..[e-F=Y)], en 
Pi(a) = =, (22) 
a 


v being one of the numbers 0, + 1, + 2,... +(r — 1), 7, we find 
by Lagrange’s formula 


fla) = = EE (2) Pes, at... 1), em 
-r+1p (=) 2 2 
: 2 


We now put, m being positive and integral, 


m+} 
Gy =| _ PAD) de. (24) 


a anal (* _ ) 
2 
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If we note that 
P(—a) = P(x), P,(—z) = —P_,i1 (@), 


we may prove, as in No. 168, that U, = U_,1;, and thus obtain 


frinow fu [(P ZA) ax(—252)] +m, os 


R= os Peos(s, oe (26) 


—m—} 


176. In order to Dey this Per eanoer ier, we NEE 
first from —m —3 to m — 3, and then from m — 4 to m+ 4. To 
the latter part of the sntercal we may apply the These of Mean 
Value, as P(x) does not change its sign here. We thus obtain 


ara) 2G) 
= oS 


Rl Pe@s (a th + ee P(x)dz. (27) 


—m—} 


Now we have, by §3(1), 


2r — 3 2r —1 2r —1 
s(a, 24,00. ,- seas aces ip 


and as evidently P(x) = (« +r — 4)”, we find for the first integral 
in (27) 


m3 ®—-3 w—1 
\ @+r—porns(s, =, eeene e ae rat) 
East 2 2 
Qr — 1\ ¢n-3 
5 (4, oso )f tr — Herds. 


If, in both of these integrals, we replace x by x — 3, we see that 
the latter vanishes, while the former may be written 


i 2D et (r—ys(2-4, i ae. 
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But this integral may be treated by the same method which we 
applied in order to derive (11) from (6). We may thus im- 
mediately see, without having actually to perform thecalculations 
again, that the above integral may be written 


Qf) (&) au 
(2r) ! 0 » : 
so that the remainder-term assumes the form 
afer) pm fen(e) cmt 
Rie [2rlq (2r+1]~Idy, 28 
Gry, ee oe eae seenicy? 


The two terms of which this remainder-term is composed, may be 
contracted into one. We first note that 


et Ide = 4 ahs (2r-+1] 
2r es 2r+1 . 
iE t= 5. meee x; (29) 


for both sides vanish for ¢ = 0, and their differential coefficients are 
[2r] 
{21 and Seat ti 
write (28) in the form 
R Of 2n (fa) emt f2n(f)) emt 


== gerHidr aS [2r+1]—-1 dx: 
(2r + 1)! m—-} 5 (2r)! mee “ 


dtUr+u = {rl respectively. We may, therefore, 


but here the coefficients of f°” (&) and f@” (&) have the same sign, 
so that we may put 


Qf (2"( £) m+} 
SC aia 


ree FA ee ‘ 
PCR (eo a) Seas 


[a (2r+1] oe (r + £)g2rt+—idz 


or 


_ 2f29(8) pats 


From this formula, we may find the sign of the coefficient of 
f°” (&), as also, from (29), we may find the sign of the coefficient in 


gltrtal—-idy, (30) 
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(11). We may also by means of these formulas find limits between 
which these coefficients are comprised. We leave, however, these 
details to the reader. 

The remainder-term (80) may be put into a form which is more 
convenient for the calculation. We have 


t+1 t+43 
\ gltrt+2]—Id = (2r 4+ »{ gitrtii-idy (31) 
t 0 
for both sides vanish for £ = —3, and their differential coefficients 
are 
({ + 1)lart2i—1 — fleet2i—-1 = g(g 4 3) 2421-1 
and 


Qr+ 1) b+ per 


which, according to §2(10), are identical. We may therefore write 
(80) in the form 


(2r) m+} 
e " = = gltrtHil-idy, (32) 
! Jo 


177. It should be observed that this form of the remainder- 
term is the same as that which would result if the Theorem of 
Mean Value were applicable to (26). This must not, however, be 
taken as a generalization of the Theorem of Mean Value; for we 
have not proved that 


= m+} 
R =5(1, Joh eet : ) P(x)de. 
pa 


It is, therefore, possible that no 7 exists, satisfying the latter rela- 
tion, although it is certain that a & exists, satisfying (32). 

178. If we choose the interval of integration as unity, we must, 
in (25), put fa) =F ( 
duce the notations 


pl ey -F(t—*)+r(-254) (33) 
ZO ee anne eee ee mNO | ee 2m + 1)’ 


z ; If, at the same time, we intro- 
2m + 1 
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the formula becomes 


4 ea r 
i ONES A ee (34) 

=f 1 
Fim Os Hee) (35) 

putting 
(2r+1J—1 _ ee ba [2rH1]—1 
Orn! ~ (2r)! (2m + out ae a 

1 r (2m abe seg D»t192+) (36) 


~ (2r)! (2m + 1)?" 202” (QV +1) Q+D! 


179. Here, too, we obtain a closed and an open type, the closed 
one forr = m + 1, the open one forr = m. We find for the first 
{27+1)-1 A “ 
few values of —O)_,  , commencing with r = 1, 


75 i] ia 167 ~ yes 
12’ 6480’ 37800000’ 426924691200’ 458209960750080’ 
{2r+1]—1 
and for OL an 
1 19 Gol 2857 434293 


36’ 90000’ 1016487360’ 1928493100800" 225892143341061120. 


The resulting formulas with 2, 4, 6, 8 and 10 terms may be written 
down by means of the following tables, which have been arranged 
on the same principle as the tables for the case of an odd number 
of terms. A comparison with the latter shows that nothing much 


Quadrature-Formulas of the Closed Type 


Ie % 8 

ae Fa, Fx. Fas Fay Fs is REMAINDER-TERM 

iS ° 2 a 

Zz 3) 
2 1 2 —AFO (2) 
4 3 1 8 —0.03 16F (¢) 
6 50 75 19 288 —0.08 30F (¢) 
8 2989 1323 3577 751 17280 —0.09 40F“s) (&) 

10 5778 | 19344 1080 | 15741 2857 | 89600 —0.0238F{0) (£) 


OO 
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Quadrature-Formulas of the Open Type 


gf y 

a = ee fee, Bee, Fas ip ver g e REMAINDER-TERM 

po aa 

Aes rus 5 
2 1 2 ash (8) 
4 1 11 24) 0.03 22F (é) 
6 562 —453 611 1440} 0.0° 747 (z) 
8 || —1711 4967} —2803 1787 4480} 0.08 15F°®) (é) 
10 ||8891258]—17085616|15673880| —6603199|2752477|7257600| 0.042000 (¢) 


is gained by using a term more if, by so doing, the number of terms 
becomes even. The formulas with an even number of terms should, 
therefore, as a rule only be used, when the table at hand does not 
contain the values required in the formulas with an odd number of 
terms. 

180. Any number of variants of the quadrature-formulas dealt 
with above may be obtained by adding to the formula Ké“f(0), 
K being a constant, and 6”f(0) being expressed as a linear function 
of the values of f(z) employed in the difference. In that case, the 
remainder-term must be corrected by deducting Ké"f(0) = Kf™(n). 
While most of these variants are without interest, one or two of 
them have obtained practical importance, either because their 
coefficients are simpler, or because their accuracy is greater, than 
in the case of Cotes’ formula with the same number of terms. The 
latter case may occur, if the constant K is chosen in such a way 
that a term in the formula is caused to vanish. 

As an example, let us consider the seven-term formula of the 
closed type which, if the interval of integration is taken as 6, assumes 
the form 


3 1 2 
[ feadde = 555 To + Bar + 210far + Afar) ~ Faqgl@ CD 
and let us from this deduct 


9 9 
79 21) = Zo9 (—20fo + Lifer — Gfa2 + fas), 
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adding, at the same time, 735f (n) to the remainder-term. The 
result is Hardy’s formula ~~ 


if f(x)dx = 2.2fo + 1.62f2. + 0.28f..3 + R, (38) 
is 


R= =. (f° (n) ~ f° (©. (39) 


It is natural to ask whether the remainder-term may not be 
simplified by putting 


ASC Mien Ban) eae RC 


This is, however, not possible. It is, in fact, easy to construct a 
function f(x) of such a nature that f(x), while continuougin the 
closed interval +3, assumes very large values therein, while f® (z) 
only assumes moderate values. 

It is seen that the term f..1 has disappeared in Hardy’s formula, 
and it must therefore be compared with the five-term formula 
(16). If, now, we transform the interval of integration in (38) 
so that it becomes +3, Hardy’s formula may be written 


3 1 
it F@de == (LIF. + 081F 2p +0.14Fss) +R, (40) 
—} 


ek ies RS) 


21772800 ee 


In the frequently occurring cases where yf’ (£) is negligible 
in comparison with F (ny), we therefore, on the average, gain 
about one decimal in accuracy by using Hardy’s instead of Cotes’ 
formula. On the other hand, the examination of the remainder-term 
is slightly more elaborate in the case of Hardy’s formula. 

181. Another favourite formula is obtained if, in (37), we add 
rv Of(0). The result is Weddle’s formula 


° 3 
[ fedde =F) ot far + far tha +R, 42) 


a th 
R= — lf @) + 0.9F ©). (13) 
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In this case no term vanishes, and the formula must therefore 
be compared with the seven-term formula (37). It is seen that 
Weddle’s formula owes its popularity to the simplicity of the coeffi- 
cients, and that (87) is more accurate when f® (£) is numerically 
smaller than f®(n). 

182. Another type of formulas of mechanical quadrature, where 
the remainder-term assumes a practical form, is obtained by §4 (35). 
In this case it is assumed that both f(x) and f’(z) are known at the 


points a,. 
We put 
iP 
P(e) = (2a) (2—a) ... (a), Pz) = =, (a4) 
so that 
P,(a,) = P'(a,), P,'(@,) = 2P"G,); (45) 
further 
b 
rea PER 
Ee (2) ; EG) a 
oe ERO) g ear aia), 
and obtain from §4(35) by integration from a to b 
[sends = 20V.fa) + WO) +R, (47) 
0 


and for the remainder-term, as P?(x) does not change its sign, 
b 
ie = ‘| AEA: Co; Gone wacn Op, COe 


Ryser () : 
~ n+ 2)! iy eSclee 


(48) 


The most accurate formula of this type is obtained, if the num- 
bers a, are determined in such a way that the coefficient of f(2 + »(£) 
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in the remainder-term becomes a minimum. We must, then, for 
pt 061) 27 26. whavers 


re) b 
oaks 2 = 
ru) P2(x)dx = 0 


or : 
{ P.w@Pwds LE Ra eae UES ate ee |) 


It follows that W,’ = 0, so that (47) is considerably simplified, 
as the terms implying f’(a,) vanish. The values of a, and W, 
resulting fora = 0, b = 1, have been calculated by Gauss and are, 
for instance, stated in Markoff’s “Differenzenrechnung,” p. 70. 
We shall, however, not go into details about this equally interesting 
and accurate method, because its practical applicability is ham- 
pered by the fact that it leads to inconvenient (generally irrational) 
values for a, and W,,. 

The Gaussian formula forms the object of a large amount of 
literature. We refer the reader, both as regards this subject, and 
concerning numerical integration in general, to the article by Runge 
& Willers in “Encyklopidie der Mathematischen Wissenschaften 
ID Ge 25 p.4ee 


§17. Numerical Integration of Differential Equations 


183. In order to show how it is possible, in principle, by means 
of numerical methods to approximate to the integral of a given 
differential equation, we commence by considering a differential 
equation of the first order 


dx 
iil (1) 


and try to determine the integral which for t = ft) assumes the 
value « = 2. Previously it must, of course, be ascertained that 
this integral exists, which is here taken for granted. 


1 See also a recent paper by E. Lefrancq: De l’Interpolation (Bulletin du 
comité permanent des Congrés Internationaux d’Actuaires, No. 21). 
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It follows from the given conditions that 
t 
z= ate+ (fle, at (2) 
to 


in integrating on the right it must be taken into account that x 
is a function of f. 

We assume ¢ > ¢) and divide the interval from fy to ¢ into n equal 
parts h, so that t = t) + nh. If, for a moment, we assume that 
the value of x ts already known for the following values of t 


to th,to + 2h,...,6+m—Dh, (3) 


the problem is simply to calculate the integral from ft to t) +nh 
of a function whose values are known for the values (3) of the 
variable, and to indicate limits to the error committed. But this 
problem can be solved by a simple application of the quadrature- 
formulas of the open type, given in §16, having previously trans- 
formed the interval to suit the problem under consideration. 

By these simple considerations the problem is, in principle, solved 
if we know the values of x corresponding to the initial values (38) 
of the argument; but in order to start the calculation at all, we must 
first procure these. In what way this is done, is indifferent; we 
may, for instance, in many cases start the calculation at a point 
where it is possible to develop (wv — Zo) in powers of (tf — é) ina 
rapidly convergent series. 

184. If we have to deal with a differential equation of higher order 
than the first, we may commence by putting it into the form of a 
differential system 
o = f (a1, 2, « « « Lk, t) (2 = i 2, ce k), (4) 
this being—as is well known—always possible by introducing 
auxiliary variables. We content ourselves with considering a 
system of two such equations, as the extension to any number of 
equations does not present any difficulties whatever. 

Let, then, the system of two differential equations be 


x’ = f(x,y, t) 
5 
y’ = g(x, Y, t) 
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or, if we consider the integral that for ¢ = to assumes the values 
XL = Xo, Y = Yo, a system of two integral equations 


t 
Ce (te, Y, t)dt, 
— (6) 
yY-Yru {0G y, t)dt. | 


It is, as before, assumed that the existence of the integral has been 
previously ascertained. 

We now assume that x(t) and y(t) have already been tabulated 
up to and including 1; at the start, this may, for instance, have been 
done by expanding (2 — Zo) and (y — Yo) in powers of (¢ — fo). 
If the table interval is h, the next table values of x and y are ob- 
tained by the formulas 


tthe 
at+h)=a+\ f(z,y,dde, 
to 


th (7) 
yt +h) =yo +f g(x, y, tdt. 


0 


But here we may, evidently, again calculate the integrals on the 
right by some quadrature-formula of the open type. 

185. The problem is, thus, in principle solved. But in apply- 
ing the method to individual cases a good many questions arise 
which are best illustrated by a numerical example. As calculations 
of this nature easily assume tedious proportions, and as quite a 
simple example serves the purpose of illustration equally well, we 
confine ourselves to a case where the reader will find it easy to go 
through all the calculations for himself as an exercise. 

Let the given differential system be 


v=x—-yt+2-1, (8) 
y =2e-—yt+3t4+1, 


and let the problem be to calculate a table of the integral which, 
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for £ = 0, assumes the values x = 1, y = 0. We must then calcu- 
late x and y by the equations 
t 
1+ {wat 
0 


>t 
\ vat, 
0 


x’ and y’ having the significance (8). We assume that the values of 
x and y corresponding to ¢ = 0.0, 0.1, 0.2, 0.3, 0.4, 0.5 (the framed 
numbers in the table below) have been given as initial values. 


x 


(9) 


y 


t x x! gi) y y! y? 
0.0 1.000000 0.000000 | —1.00. 0.000000 3.000000 | —2.00 
0.1 0.994837 —0.104830 | —0.90 0. 299667 2.990007 | —1.99 
0.2 0.978736 —0.218603 | —0.78 0.597339 2.960133 | —1.96 
0.3 0.950856 —0.340184 | —0.66 0.891040 2.910672 | —1.91 
0.4 0.910479 —0. 468358 | —0.53 1.178837 2.842121 | —1.84 
0.5 0.857007 | | —0.601844 | —0.40 1.458851 2.755163 | —1.76 
0.6 0.789978 —0.739306 | —0.26 1.729284 | 2.650672 | —1.65 
0.7 0.709060 —0.879376 | —0.12 1.988436 2.529684 | —1.53 
0.8 0.614062 —1.020649 | +0.02 2.234711 2.093413 |- —1,39 
0.9 0.504937 —1, 161718 | 4016 2.466655 | 2.243219 | —1,24 
10: 0.381772 2.682941 


We may now, by (8), calculate the values of x’ and y’ correspond- 
ing to these arguments, and insert them in their places in the table. 

The next question is the choice of quadrature-formula. In order 
to select the most suitable one, we want to know a few of the first 
derivatives of x and y. These may, even in the case of compli- 
cated forms of f and gy, be obtained by successive differentiations 
of (5), eliminating after each differentiation, by means of (5), the 
x’ and y’ introduced by the differentiation. In the partitular case 
(8) under consideration we find 


a = y— Z —2t 
(10) 
yO = y — 22 — 3t 


whence it follows that the five-term formula of the open type is 
sufficiently accurate for our purpose. As the interval for ¢ is 0.1, 
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we must first transform §16(17) so that the interval of integration 
becomes 0.6. We need only multiply the remainder-term by (0.6)’, 
and the principal terms by 0.6, after which the formula may be 
written 


t+ 0.6 


F(z)dx = 0.78F) + 0.33F 2, —0.42F..,+0.0731F (¢). (11) 
t . 


It is seen, that as long as the numerical values of x and y‘® 
do not exceed 16, the error due to the quadrature-formula (leaving 
the forcing-errors aside) cannot exceed one half unit of the sixth 
decimal A similar examination of the three-term formula shows, 
on the other hand, that this formula does not secure the accuracy 
of ‘the sixth decimal, unless the interval is diminished. 

We now proceed as follows. By means of the values of x’ and 
y’ already calculated we compute, by (11), 


0.6 
z(0.6)=1+ \ 2x’dt, 


Or 


0.6 
y(0.6) = it y’ dt, 
0 


whereafter x’(0.6) and y’(0.6) are calculated by (8). 
Next, we calculate, in the same way, 


0.7 
2(0.7) = (0.1) + \ x’ dt, 
0.1 


0.7 
y(0.7) = y(0.1) + va, 


whereafter x’(0.7) and y’(0.7) are obtained by (8). In this way 
we may continue; we recommend to the reader to re-calculate a few 
of the values shown in the table, whereafter he will be perfectly 
familiar with the method. 

The columns headed a and y have been added in order to 
control the remainder-term during the progress of the calculation. 
l’or this purpose it suffices to calculate these functions which are 
obtained by (10), to two places. 

186. We must here mention the difficulty arising from the fact 
that the remainder-term depends on an argument £ which may be 
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any number between the limits of integration and, therefore, need 
not be one of the values for which x and y‘ are known. It is true 
that we may regard the known values of 2 and y” as random 
samples of the sixth differential coefficient; but we may also easily 
attain absolute certainty. 

Let us assume that the functions f and g, as is nearly always the 
case in practice, are bounded in the neighbourhood of (xo, Yo, to). Or, 
to put it more precisely: f and » must be of such a nature that if 
x, y and ¢t were three independent variables, varying within a small 
region defined by the inequalities |~ — ro| <k, |y — yo| Sk, |t — to| 
<h, we have constantly |f| <M and |¢| <M where M is a constant, 
depending generally on 0, Yo, to, k and h. 

If x, y and ¢ are not mutually independent but connected by the 
equations (6), the above inequalities still hold. Now it follows from 
(6) that it suffices to choose |t — to| sufficiently small in order to 
ensure that |z7 — ao|<k,|y—yo|<k. Ifalso|t — to|<h, we have 
\f| <M, |e| <M, so that by (6) 


ly — vols |e — tol M. 


If, now, we let |i — to| increase but without exceeding h, it follows 
k ‘ 
from (12) that, as long as only |¢ _ to| < —, we have still |x _ 2o| 


<k,ly — yo| <k. 

We have thus proved the following theorem: 

If the variation of t does not exceed the smaller of the numbers h 
and a the variations of x and y cannot exceed k. 

This theorem can evidently be extended to any number of equa- 
tions. 

It is easily applied to the case under consideration. We have 
here 


ze =x—y+2t—-1, 
=y' =227—-y+3t+1, 
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consequently, if we give z, y and ¢ the increments Az, Ay, and At, 


iis |a’| +] Ax] + [aul +21 a4, | 
lo] <|y’| + 2|Az| +] Ay| + 3] Aél. 


We have therefore at any point of the section of the table calcu- 
lated above 


M<3+4+3k+4 3h. 

Now the variation of ¢ in the table interval ish = 0.1. If we take 
k = 0.5 we have M < 4.8, consequently h < x. It follows that 
x and y cannot vary by more than 0.5, if the variation of ¢ does not 
exceed 0.1. But from this we may, by means of (10), conclude 
that x and y cannot vary by more than 1.8 within the table 
interval, so that we have been justified in neglecting the remainder- 
term. 

An examination of this kind should, “of course, not be made at 
each step of the calculation but, as we have done, for a suitable 
section of the completed table at the time. 

187. A check on the calculation may, for instance, be obtained 
by the five-term formula of the closed type which, after trans- 
forming the interval, may be written 


t+0.4 
Fle) de = Ee OP a +14F., © 
t 50 


0.0986 F (£). (13) 


If this check is applied step by step, we also guard against losing 
in accuracy, a point of considerable importance in calculations of 
this nature where the work is much increased by carrying super- 
fluous decimals. Suppose, to take an extreme case, that F'_», 
F_,, Fy and F have 6 correct decimals, but F: only 5. In this case, 
the error in x and y calculated by (13), inasmuch as it is due to 
F;, is smaller than 0.05 X dy < 0.0°16, so that we obtain the 
correct values of x and y, by which /’; can be corrected. 

188. In the course of a lengthy calculation it often happens 
that an interval which was suitable at the beginning of the calcula- 
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tion, later on proves either too large, or smaller than necessary. 
In such cases we may either choose a more suitable quadrature- 
formula or, as is often preferable, change the interval. Transition 
to a larger interval does not present any difficulties, but in reducing 
the interval it becomes necessary first to procure the necessary initial 
values, e.g. by interpolation in the section of the table already 
calculated. 

189. In the numerical example we chose for illustration, the 
calculation of f and ¢ for given values of 2, y and ¢ was a very small 
matter; but in the cases where numerical integration is of real 
practical use, this is the heaviest part of the work and, unfortunately, 
little can be done in order to facilitate this part of the calculation. 
Also the remainder-term can cause difficulties, if f and » are not 
very simple; but we may often profit by the fact that we need not 
possess the exact expression of /@” (£) but only a suitable upper 
limit to this function. What liberties may be taken in this respect 
depends, however, on the particular nature of f and g, and it is hardly 
possible to give general instructions on this point. 

190. We need not point out that the differential system (8), 
used above as an illustration, is easily completely integrated, and 
that the special integral we have traced by numerical integration is 


x =cost+sinft —f, 


re 
y =2sint+t. 

On comparing the values calculated above with the values result- 
ing from (14), it is seen that the error nowhere exceeds one unit 
of the sixth decimal, as might be expected. 

191. Another method of numerical integration of differential 
equations may, as mentioned in No. 131, be derived from the 
Gaussian summation-formulas. The values of F(x) occurring in 
the corrective terms at the upper limit must, in that case, be ob- 
tained by extrapolation. We shall not go into details.! 


1See a recent paper by E. J. Nystrom: Uber die numerische Integration 
von Differentialgleichungen, Acta Societatis Scientiarum Fennice, Helsing- 
fors, 1925. 
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§18. The Calculus of Symbols 


192. We have already Shown in §2 that certain symbols, denoting 
operations, may to some extent be treated as if they were numbers. 
More generally, let @ denote an operation which possesses the dis- 
tributive, commutative, and associative properties. Symbols, possess- 
ing all these three properties, we shall call omega-symbols. It is 
then seen, as in §2, that it is allowable to form polynomials in Q 
and combine such polynomials with each other, as long as we con- 
fine ourselves to the processes of addition, subtraction and multi- 
plication. In this section we shall, without losing sight of mathe- 
matical rigour, extend these rules by introducing dwzsion with 
an omega-symbol, and by showing that these symbols may some- 
times, although with essential reservations, be expanded in in- 
jimte series. 

193. Division by Q, or multiplication by Q-', is an operation of 
such a nature that, on multiplying the result by Q, we obtain the 
original function, that is 


207 =1.- (1) 


The symbol Q-! zs not always an omega-symbol; for, although it 
evidently possesses the distributive property, it is not always com- 
mutative. Let us, in fact, assume that we have found a function 
g(x), such that Qg(@) = f(x), f(x) being a given function. Then, 
according to the definition of division, 


Q-F(@) = o(x) + Y@), (2) 

y(x) denoting any function for which Q(x) = 0, or ¥(x) = Q-0. 
If now, in (2), we insert f(~) = Qg(x), we get 
2 Qp(x) = g(x) + v(x), 


so that only in the case of ¥(~) = 0 do we have Q-! Q = 1 and, con- 
sequently, Q7°Q2 = 00-1, 
We have, for instance, 


A~f(x) = o@) + ¥(@), 


g(x) being a function such that Ag(x) = f(x), while (x) need only 
satisfy the condition Ay(%) = 0 and, therefore, may be any pert- 
odic function with the period 1. 
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It is seen that A~ is, in reality, a summation-symbol, and that 
¥(x) vanishes in the case of summation between definite limits. 
This function is, therefore, an analogue of the arbitrary constant 
implied in an indefinite integral. In the frequent cases where the 
result of the summation is only of interest to us for integral values 
of the argument, we may replace ¥(x) by a constant; and for this 
reason that function is often termed somewhat illogically a periodic 
constant. 

Similar remarks may be made with respect to the symbols V7! 
and 6—; as regards D-', it is immediately seen that this symbol is. 
identical with a sign of integration. 

194. We shall now consider the special omega-symbol Q = 
E* —c,aandc being constants. Ifc = 0, Q-! = H-* is an omega- 
symbol, as follows from the remarks in No. 6; it is also seen 
directly that if E°y(2) = 0, we must have ¥(z) = 0. But if c+0, 
it becomes necessary to examine whether the equation 


(E* — c) (x) = 0 (3) 


has a solution that differs from zero. 
If, in this equation, we put 


v(x) = c+ F(a), 
we get 
(E* — 0) F(a) =" [F@ + a) — F(2)] = 0, 
and this equation is satisfied, if for F(x) we take a periodic func- 


tion with the period a, and not otherwise. The solution of (3) 
can therefore be written 


via) = ct ¥,(2), (4) 


¥.(x) being a periodic function with the period a, but otherwise 
arbitrary. 
The symbol (H* — c)- is consequently, for c+0, never an omega- 
symbol, but in applying it, we introduce a function of the form (4). 
195. If, more generally, we consider the omega-symbol 2 = 
(E? — c)", where c+0, while n is a positive integer, we must exam- 
ine the equation 


(E* — c)¥(z) = 0. (5) 
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If we put y(x) = cs F(x), it may be shown by induction that 
(E* — c)"ct F(x) = c#' "A" F(a) = 0, (6) 
so that we have, for the determination of F(x), the equation 
A" F(@) = 0. 


But from this we obtain by successive multiplications by Am = 
(E* — 1)-, denoting by ci, C2, C3, ... periodic constants with 
the period a, and putting for the moment « = az(r@ — a)... 
(x — va+ a), 
F(z) = et) + A ae ge) +... + cy 
(n — 1)! (n — 2)! ‘ 
so that F(x) is a polynomial of degree (n — 1) in x with coeffi- 
cients which are arbitrary periodic constants with the period a. 
196. By the same simple method we may examine omega-sym- 
bols consisting of a finite number of factors of the form (H* —c)", 
and are thus enabled to deal with certain simple dzfference- 
equations,' that is, equations containing an unknown function and 
its differences up to a certain order, or—what comes to the same 
thing—a number of unknown values of a function, corresponding 
to the equidistant arguments x, 7 + h, x + 2h,...2 + mh. 
We content ourselves with illustrating the method by means of a 
few simple examples.? 
Let the given equation be 


f@+2) —-4e@+1)+4(a) = 3's 
or—which comes to the same— 
f(x) — 2Af@) + AF@) = 3a; 
an equation which may be written 
(EH — 2)2f(@) = 3%m. (7) 


1 The subject as a whole falls outside the scope of this book. We refer 
the reader to N. E. Norlund: Differenzenrechnung, Berlin 1924, being the 
most modern exposition of the subject. 

2G. Boole: The Calculus of Finite Differences, third ed., chapter XI. 
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It is easy to see that this equation has a particular solution of the 
form 


fiz) = 3?(kiz + ky); 


for, inserting this expression in (7), we may determine the con- 
stants and find k; = 1, k; = —6. If, therefore, we put 


f(x) = #%@ — 6) + Y@), 
we get 
(E — 2)y(z) = 0, ¥(@z) = @ — 2)-0 = 27, + ez), 
and consequently, c; and cz being periodic constants with the 
period 1, 
f(z) = 8 @ — 6) +271 + xx). (8) 
197. In a similar way we may solve the difference-equation 


Af) — 8Af(@) + 2f@) =a’ 
or 


(E — 3) # — 2)f(a) = a. (9) 


In this case, there is generally a particular solution of the form 
: : 1 ' 
fi(z) = ka, as we find, by insertion, k = (= ICE provided 


only that a is different from 2 and 3. 
For the determination of ¥(x) we have now 
(HZ —'3) & — 2)¥(z) = 0, 
whence 
(E — 2)¥(x) = (& — 3)10 
or 
(EH — 2)¥(x) = 37c1. 


But this equation has the particular solution ¥(x) = 37¢:, so that 
its complete solution is 


v(x) = 37c1 + (F — 2)0 
—POuCt=taiCas 
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Therefore the complete solution of (9) is 
ane 
= ——~—__ + 3 + 2 10 


provided that a is different from 2 and 3. 
If a = 8, there is a particular solution of the form fi(z) = 


kx.3". We find k = 4 and . 
f(a) = 37a + 37c + 27%ee. 
If a = 2, we find fi(x) = kx. 2’, k =—3 and 


S(x) SA ir + Gy + DOr. 


198. In solving difference-equations by the calculus of symbols, 
we are often confronted by imaginary expressions which, however, 
are no cause of real difficulties, as our symbols evidently combine 
with complex numbers according to the same rules as with real 
numbers. 

Thus, from the difference-equation ~ 


f@ +2) +f@) =0 
or 


(E + 2) (E — f(z) = 0 
we obtain, proceeding in the usual way, the solution 
f(x) = te: + (—2)* 


ims i? 
=¢c,e23 + c€ 3 
TX 


rx : 
=a cos “> +bsin oe 


a and b being, like c,; and ¢:, periodic constants with the period 1. 
Treating the same example by the method of No. 195, we write 
the equation 


(L? + l)f(z) = 0 
and find 


f@) = K(-12 = (A + 7B) (cos 2 + isin); 
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but as the real and imaginary parts of f(x) must separately satisfy 
the difference-equation, we evidently have the same solution as 
before. 

199. We are now in a position to solve the linear homogeneous 
difference-equation with constant coefficients, or 


aft) +af@+tl+...+af@+«) =0, 
an equation which has many applications for instance in the theory 
of probabilities. 
We write the equation in symbolical form 


@QtaHkH+....+4a,E)f(r) = 0. 


Resolving the polynomial into factors and dividing by a,, we 
obtain the form 


(EZ — a1)"(E — a)”. .. H—a,)*f() = 0, 


the numbers a, being all different, and the exponents n, being posi- 
tive integers with the sum x. 
We find now, multiplying by (H — a1), 


(a) a) ai Fe), 
F,,,-1(«) being a polynomial of degree n;—1 with coefficients that 
are periodic constants with the period 1. 
From this we obtain, multiplying by (H — a)”, 
(HE — a)". ..  —a,)"*f@) = a &,,_1@) + axl’, @), 
$n,_;(x) being a polynomial of the same degree as F,,_,(c). We 


realize this by noticing that if we put (apart from the arbitrary 
function) 


(E — on) orF,,-1(2) = on? O@), 
we have, for the determination of the coefficients in (x), as is seen 
on multiplying by (E — az), 

F,,-1@) = a 6 + 1) — a &(), 
so that the coefficient of 2~! cannot vanish, as ai=+ a2. The 


degree of the polynomial is, therefore, not changed, if we repeat the 
operation (H — az)~! any number of times, say, 72 times. 
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If we continue in the same way, we obtain finally the complete 
solution of the linear homogeneous difference-equation with con- 
stant coefficients, in the form 


a 
f(z) = 2 a; Fn, 1(@). 

200. We now turn our attention to a particular class of omega- 
symbols which will be called theta-symbols. A theta-symbol, 9, 
must, like all other omega-symbols, possess the distributive, com- 
mutative and associative properties; but besides these, it must have 
one characteristic property: if P(x) is a polynomial, eP(x) must 
be a polynomial of lower degree, while Oc = 0, if cis a constant. The 
symbols A, V, 6, D and the positive integral powers of these sym- 
bols are, therefore, examples of theta-symbols, while # and O are 
only omega-symbols, but not theta-symbols. 

Now, if the object of the operations is a polynomial of degree 
nm in x, we evidently obtain the same result whether, on this poly- 
nomial, we perform an operation which is a polynomial of degree 
n in ©, or perform the operation when to the polynomial in @ we 
have added terms of higher degree than the n*, as these cannot 
influence the result. We may, therefore, form infinite power-series 
in 0, according to the same rules as if © were a sufficiently small 
number, and perform calculations with such series in the ordinary 
way, provided only that the operations defined thereby are only 
applied to polynomials in x. 

While, for instance, Log (1 + A) has not in itself any meaning, 
the expression 

aS SP NN 


ae aes a7 


jee nS 


has a well defined meaning, if applied to a polynomial, in which 
case only a finite number of terms of the expansion are used; and 
nothing prevents us from putting 

LEAS aE 


Log (1 as 
og (1+ A)=A None ri 


ee 


1J. L. W. V. Jensen: Sur une identité d’Abel et sur d’autres formules 
analogues. Acta Mathematica, vol. 26, p. 314. 
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provided the operation Log (1 + A), thus defined, is only applied 
to polynomials. 


e 


20 
this expression in powers of 5; but this series being infinite, we only 
allow its application to polynomials in z. Under these circumstances 


Similarly, by we mean the series obtained by expanding 


ee ; : 1 
it is evidently the product of the operations e® and on if, by 


these, we understand the operations 


0” poe O° 
Pay Napa 


and 
1+6+6+6+..., 


and only apply them to polynomials. 

On the other hand, we cannot attach any meaning whatever to 
a symbol such as, for instance, Log A, as it is not possible to ex- 
pand this expression, even formally, in powers of A or any other 
theta-symbol. In our calculations with symbols we must, there- 
fore, carefully avoid using expressions which cannot be expanded in 
powers of some theta-symbol. 

201. We call the attention of the reader, once and for all, to 
the fact that, wherever we introduce infinite power-series in theta- 
symbols, either directly, or indirectly through functional expres- 
sions, the tacit assumption is that the object of these operations 1s a 
polynomial, It is true that the field of application of this calculus 
thus becomes very restricted; nevertheless, it is of considerable 
use, because the form of an interpolation- or summation-formula, 
that is, its terms with the exception of the remainder-term, do not 
depend on whether the function is a polynomial or not. The cal- 
culus of symbols is therefore, as we shall presently see, an easy and 
reliable instrument, always at hand, for reproducing a great num- 
ber of the results we have derived by other methods. 

The calculus of symbols has also a stimulating effect on the 
science of finite differences, as very often a theorem has first, by 
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symbolical methods, been proved for polynomials, and afterwards 
been extended to more general classes of functions." 

202. A being a theta-symbol, it is immediately seen that the 
displacement-symbol H* may be developed in powers of A, as 


Be sees =(2)a" (11) 
~ 0 
If P(x) is a polynomial of degree n, this relation only expresses that 


P(e +a) ae 
0 


(¥) 
, A’ P@), 


Vv 


as was already proved in No. 14. 

Now Log (1 + A), as is seen on expanding in powers of A, is 
also a theta-symbol, and we therefore find, by expanding H* in 
powers of Log (1 + A), 


© q’ - 
he a e? Log(1+A) = >= Log”(1 + A). 
OV: 


But this relation is nothing but the expansion of P(x + a) in powers 
of a, or 


P@ +a) =< D°P(a), 
ov! 


whence follows that 
D = Log(1 + A) = LogE, (12) 


so that we obtain Taylor’s formula in the form 


Ee =e =>" pr. (13) 


ov! 


1 The calculus of symbols has been extended to other classes of functions 
than polynomials by 8. Pincherle: Le operazioni distributive, Bologna, 1901; 
Funktionaloperationen und -gleichungen (Encykl. der math. Wissenschaften, 
TlyAvl1). ; 
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The interpolation-formula with ascending differences is, of course, 
obtained by expanding /* in powers of V; we find 


«© _~(—v) 


Ee =(1- Vv) =5— vy", (14) 
o v! 
From (12) results immediately 
D = Log(1 + A) = 2(-1)"" a (15) 
1 v 

we have also 

Deter (16) 
4 


203. The formulas with central differences are not quite so 
obvious. We find from §2 (13) 


(17) 


the sign of the square-root has been determined by applying the 
operation H? to a constant. 
But from (17) follows 


ee 5 \/ “ 
me a(eyiee), (18) 


and expansion of the right-hand side in powers of 6 must result in 
the interpolation-formula with central differences. 

If we want the general term of this expansion, we can do no 
better than refer back to No. 14, where it was proved simply enough 
that 
al” 


l 
ore) 


Perea 


ov! 
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or in symbolical form 


o vl) 

a 
Et => 
0 


a, (19) 


y! 


being, therefore, the expansion of (18). 
From (12) and (18) we find fora = 1 


iS 62 8 z2\-3 
Dr= 2og (5 + il _ -{ (1 +2) dz. (20) 


Expanding the integrand, and integrating from 0 to 6, we get 


[lice .. (r —)/7 
2?"(2Qp +- 1)! 


D= > (— 1)’ eg te (21) 
0 


204. The symbol O— can evidently be expanded in powers of 6 


2\r ae (ae (: i dD 
-1— —_ = > —_ =— 
os (: - *) SOY ears C2) 


and it is seen that O—', as well as CO itself, is an omega-symbol. 
If now we put 


dog = H* —. E-*, 202, = E° + E™*, (23) 
we have evidently 
E® = Dea + 2520, (24) 
and find from (23), by (19), 
© gl2l 
Os = 2 Qn! O°”. (25) 
Observing that (22) may be written 
whence 


§18 THE CALCULUS OF SYMBOLS 189 


we obtain from (23) 


dO 1 dH 
= = 305,,H''— = iad, O-1 
Toe he Ty ee eet 
so that, on differentiating (25) with respect to 5, we find 
1 © q!?+t2)-1 
= bg = Y ——— Fs""?, 26 
2 Oe 8) 


If finally we add together this formula and (25), we get 


EB oo | q'?! : qi??t2)]-1 ; 2] 
a = > 6 v Eo awe st 6 v DAT 
Poni ae ontsaNtus ee 


or Stirling’s interpolation-formula. 
If, from this, we form 


lim = Ds 
a—0 a 
we find 
a = ” (» 1)? 2v+1 
Der Ca eae: (28) 


Bessel’s formula may be derived in much the same way. We 
have, by (19), 
1 © qgl2eth 
= by = LY ——— §¥t1 
2° =o (2» + 1)! a 


whence, by differentiation with respect to 6, 


© qiteHi-1 


Oe = 2 


GES 6” (30) 


and finally, by adding (29) and (80), 


RE © | ; qQitth ASE | 
oer A eat 
So = econ oy 
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Everett’s first formula is obtained if, in the identity 
ware 6o(1—2) 
tee E+—<— 
206 zi 208’ 


we introduce the expressions for 6,, and de~-2) from (26). 
In order to derive Everett’s second formula, we may, in the 
identity 7 
ea =F oe Db U 7 a: meee) == 0 
O16 O16 
introduce O»2, and Oei-z), by (30). 

205. As regards the summation problems, we have already said 
that, in summing between definite limits, the periodic constant 
vanishes. We may, for instance, put 

E"—-1 


Le Ee Be eee eet (32) 


~- 


provided the right-hand side is interpreted as (E” — 1)A~-; for 
both sides, if developed in powers of A, lead to the same series. 
The reason for this is that the ambiguity attached to the symbol 
A is removed by the factor (H”— 1), cancelling the periodic 
constant. In symbolical formulas where A enters, it is customary 
to leave out the factor (#” — 1) which must be mentally added, 
and we shall follow this convenient practice. 

If, therefore, we want to derive, say, Laplace’s summation formula, 
the problem is simply to expand D™ in powers of A, the result 
being 

1 
~ Log (1 + A) 


ra 


= Art aL Ar (33) 
1 


206. In order to obtain the first Gaussian summation-formula, 
we must expand D™ in powers of 4, that is 


1 fon) 
Di = = p+ ¥ Ky.6?7}, (34) 
1 


2 = 
ranleeyns) 
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The factor left out on both sides is, in this case (H"-? — E73); 
if this factor is added, the first term on the right means the sum 
from 0 tom — 1, as H7*67= A 

In order to obtain the coefficients K>,, we multiply by D on both 
sides of (34), and find, by (21), 


(1. DER (1.3.5)? 
=(s-1 3 a2 see 7S) _ 7 
1=(574+K:5+Ki+.. (3 sa LEnCe = ara ES: 
If, now, we examine the coefficient of 6” on both sides, we find the 
recurrence formula 
13 (1.3)? 3)" ie 
SOR ead Se 


[1.3... (2»—3)]? Peel Leder aves 1)? 
(2v—1)! 2”? (Qv+1)12” ? 
leading, of course, to the same values as the method employed 
in No.0 122. 
207. The second Gaussian formula is obtained, if (34) is multi- 
plied by 


Ky, = 


Ky,-4 a is ks 
(35) 


ao Gat Ks + (—1) 


whence 


= ie ens ee aes =O67!+ > M,, 
Yeon (Cane) i: 
fo PAD 4 


The factor left out is (H” — 1). For the coefficients a recurrence 
formula may be found. For if we write (36) in the form 


BN = (54 43M, 8-1) 21 sty BS 
1+7) =(e +2", 2Log( 5+ \/1 +5 


and examine the coefficient of 6”” on both sides, expanding the right- 
hand side by (20) and (21), we get 


L (1.3)2 
ee oe Mee 
[12 .eteoe 

CIE re 


ioe r(ce) 


M,, — My,-4 ana 


(1.3... @r—1)]? 
2v—1)! (2v+1)2” 


(37) 


+(-1)’ ae, 
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The values found by this formula are identical with those calcu- 


lated in No. 124. a 
208. The first Eulerian summation-formula is simply the ex- 


pansion of A~! in powers of D, or 


(ae Neat ore = 3 Pe p=, (38) 


while the second Eulerian formula is the expansion of 5—! in powers 
of D, or 


1 
1 = p— = BD, (39) 


209. We put together, for reference, the first few terms of these 
summation-formulas, as they are used in practice. 


Fg Nes ea aly a aay WY Na ay iD 
e 2 125+ 249"— 720%" 760% — 604804 T° 
Phe epee cl Carpi a) 
mon hig, = iareo° 7 onTeso) = 
Dr = om tas 4 a els 65 40 
gn eee 720 6oago0® + +: (40) 
iol 1 1 
len {VS te 5 S5e 9 py ban eg pr 
D "=A 4-5 — qoP + zag — gopa9?* + - - 
1 7 31 
ete wef ay) a eS “aed 
D*= 5" + oD — se9* + oezes0? 


210. Lubbock’s formula may also be obtained by the calculus 
of symbols. In this case the problem is to develop A-! in powers 
of An = E —1. As 


1 
A = (1+ A,)* -1, 
we find 


1 eh 
A-! = ———;—_ =h Av +24,Ai (41) 


(1+ Ant i 
the factor left out on both sides being (HE — 1). 
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211. In order to derive the second formula of Lubbock’s type, 
we must expand 6—! in powers of 


h h 
On = Kz a EE. 
We obtain from this relation 
pif \/ 1 :)* 
-(3 i+ V1t za)’, (42) 


so that 

ae Ne 

1 1 a 1 1 a 
p= (Ant yietor) = eay ee) eS Gs) 

Now (18) and (19) show that the following expansion exists 
e\ll 
(Z aig AP ae eter ee) a ae, x’; (44) 
o v!\2 


we therefore find, from (43), 


= 2 Nes acer 
‘2 eanila) ee 
and in a similar way 
Soe lm ina 
a= 2 onila) * a 
The required expansion has the form 
Pot PY eG oe TEN Oe a lL Y 2 at (47) 


If we multiply both sides by 6 and make use of (45), we find 


T\Gle 2/71 NG 
1=[5 i+ 5i(an) 6, + oy b, tres | (i ‘+P 26,421, ree .) 


whence, on comparing powers of 6, on both sides, the recurrence 


formula 
et 1 Ned esl 1 ie 
ae 31 \an) + 51 \and + 


Ps ( 1 ae h ( 1 ee 
CA men © yb 1)INoh he | 


(48) 
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The coefficients P,, calculated by this formula are, of course, 
identical with those calcwlated in No. 158 by another method. 
It appears from (48) that these coefficients have the form of 


ase 
= multiplied by a polynomial in h?. 


The factor left out in (47) is (H“—-? — E~*); if this is taken into 
account, the formula is seen to be identical with §15(11). 

212. The third formula of Lubbock’s type is obtained by de- 
veloping O 67! in terms of DO, i For it is, to begin with, 
clear that §15(15) may be written in the symbolical form 


ma h —]1 Se 2y—1 
A he STG + 2Q,,O.d , 
v=1 


the factor left out being (#** — 1); but this formula is identical with 
A7*+4=h(AY +4) + 2 Q2,08 
v=1 


and therefore with 


2y—1 


oo =ho, ds + = QO dh . (49) 


In order, now, to determine the coefficients in (49) by the calculus 
of symbols, we note that 


h h 
and, as is seen on differentiating 5, = H2 — E 2 with respect to 6, 


dH 1 = 
dé, =, 201 ? 
so that 
ds = ds dE es 1 oO oO 
dit Ghd Wr ews 
But from this follows 
O =AQ, dad 


dé, 
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and consequently, by (45), 


en ay A aslen es 


If we insert this expression in (49), divide by O;, and multiply 
both sides by 6, taking account of (45), we find 


ome 1 \2+11-1 4 
is (2v) ! (=x) 2 


1 2/1\8. 2/1\0) : 
=| 55+5i(5n) s+ar(sn) st... [hss SEO LO A, Seas | 


whence the recurrence formula 


y A 1 We | 1 i 
Sera oh). ee on) 

Qs ee 2vh a 
‘eceany 2h ~ (Qv + 1)1\on : 


leading to the same values as found in No. 159. It is seen that Q., 


h? — 
like P., has the form of 


(51) 


1 ee Beret 
ADEE multiplied by a polynomial in h?. 


213. The first and second formula of Woolhouse’s type are ob- 
tained by expanding 


oth. 
and 


hie 


respectively in powers of D. We may do it simultaneously by 
expanding 


De, 6! — AO oar be 


1 
and putting thereafter a = =, a = 0, respectively. 


9) 
Now we have 


1 eiteD ae e2-9D fy eli tayhD ae e(t-a)hD 


Ge eae ie een eee eee ee ee 
Oe Ooandn 9 sO aay 9 eg _ 4 , 


196 INTERPOLATION §18 


where the right-hand side may be developed by §13 (32), so that 


So hed - 
Dd —hOoads =—5 2 —-(B,G+a)+B,G—a)] D™. (52) 


If, in this, we put a = -;, we get 


. 


9 
ees 
ot Sheles 2 BD, (53) 


the factor left out being (H*™ — 1); for h = n the formula is seen to 
be identical with §15 (17). 
lf, on the other hand, we put a = 0, we find 


h? — 


v! 


ine = ae (54) 
y=2 


the factor left out being (H’"-*? — HE). This formula is, for 
h = n, identical with §15 (21). 

214. The operations we have dealt with may, of course, be 
repeated, and if we form the m power of the left- and right-hand 
sides of the preceeding formulas, we obtein the corresponding 
developments. 

The general expansions of D™ in differences, and of A” in differen- 
tial coefficients, are however better obtained as follows: 

We have 


fo) q™ 
a” = > —D™ 0, 
m=0lrten 


where, in order to avoid a variable upper limit of summation, we 
have summed to infinity, this being permissible, as D0” vanishes 
for m>yv. 

If we insert this expression in (11), we get 


© INE Oi) o qm © D0” 
rhe = ee Dab pee nep> Tae 
v=0 VL m=om! OU smn Pet 
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and hence, on comparing the coefficients of the same powers of a 
in this expression and (13), 


Oe (55) 


or §7(17). 
If, in the same way, we put 


« a™ 
gq”) = — Do"! 


m=0™M! 
we obtain from (19) 
o xe o m ro) i) Do"! 
Eo protien ee er 
r=0V!m=0m! m=0M!,=0 v! 
and on comparing with (13) 
co) Do! 
Di = > . oF (56) 
v=m vs 


containing both §7(23) and §7 (30). 
We now put, in (80), 
foo} 2s 
t-1 _ 5 2 pyrsi2t1]-1 
= 1-0 (28)! 


and thus obtain 


foo} vo@w Ss co Ss foo} Ss Qv+1 -1 
Oe = 2 aN z ss DOT a= 2 is = dea ai oe 
=> y=0 (27) !'s=0 (25)! 20125) 1520, (2)! 
and, on comparison with 
foo} 23 
a 
=>) De, 
os ay (2s) ! 
© Dg2eti-1 @ Pett) 
(Be Sy SS ae > mae Ly 
ahs SICH sate OCTET op) 
or §7(27). 
If, next, we put in (26) 
o 2s— 
qertl-1l _ > Oe D219 !2+21-1 
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we find 
is Cee a 2s—1 
Dg amie LO SS eae 
o q?-! © D*s-102+2]-1 


—— i 
s=1(28 — 1)!,-0 (27+ 1)! 


D*8—19!22+21-1 


and, on comparing with 


1 © q?s-! 
AP ia) lies oe a 
ee, (eats ; 


© 2s—1p[2v+2]—-1 
Dw1= x D*0 oer! 
yes—1 (2v-+ 1)! 


or 


ect 2 DEO ee, i D*0! aM. 
Ee a an a Gaye 9 63) 
being identical with §7 (26). 

215. The differences, expressed in terms of differential coeffi- 
cients, are obtained in a similar way. We content ourselves with 
a single example. 

If, in (13), we put 


© (m). 
a 
CS ST AO" 
! 
m=0 : 
we obtain 
ro) ¥ © 7”(m) © (m) © mop 
a a IES 
Bt= > — — A" = > — Jib 
»=0! m=om! m=0™M! ,=0 v! 
and, on comparison with (11), 
foe) eeOu 
AP ey Be (59) 
vy=m v! 


or §7(46). 

216. If a summation-symbol as, for instance, A-!, is repeated, 
the indetermination is ‘increased, as A~™ need only be of such a 
nature that A™ A-™ = 1 (compare the remarks in No. 195). 
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This indetermination vanishes, however, if we agree that the sum- 
mation shall, at each repeated summation, begin with the same 


argument a. With this convention, A-! has the same mcaning 
z—l 
as > = Zin §11. 


As an example we will derive the Gaussian formulas for re- 
peated integration. We obtain from (56) 
foo} [2s] 
eee D*0 
s—t (2s)! 


28 


If, now, we put 
D-? SS % N28", 


we obtain, on multiplying together the two equations 


D200) 2¢ [4] 
-1=( 31 Dense, 5 |) (Neirt + Na + Naat as =) 


and therefore, in addition to Ng = —1, the recurrence formula 


D201 D206) D0) = P20 +2) 
Na =Nw2F si 2v—4 aie af see 2 (27) ! 7 (Qv+2)0 


(60) 


leading to the same values of the N, as found in No. 130 by another 
method. 
We have, therefore, 


ao 
D-? = §-? ~ = N,,8"? 
vp=1 


- (61) 
= FA-? — =N,,6"—, 
y=1 


the indctermination consisting in introducing a linear function 
ax + b, if this operation is applied to f(z). 
The constants a and b are determined, if we require that inte- 
gration and summation shall commence with the argument 0. 
The constant a is introduced by the first integration and must, 
therefore, be determined by (36), as (61) is also obtained by apply- 
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2 


6 
ing (36) twice, eliminating 0? by O? = 1 + a" Now (36) may 


be written 
1 = i 
[seeds = 2y@) + IG) + 3M, 08*-Ye@) +a. 


Assuming 0 as the lower limit of integration and summation, and 
putting x = 0, we have 


1 o 
= —5f) — = M,,0""'f(0). 
v=1 
In order to determine b, we now write (61) in the form 


if faeoare = BY(z + 1) —3N,,8-4(z) + ax +b. 
v=1 


If, in this, we put x = 0 and remember that the lower limits of 
integration and summation are zero, we find 


b = > N,,d" (0). 
v=1 
With the values found for a and 6 we have finally 


= = 1 co) 
{) [rede = 29a + =z] 90 +2. M,08-70)| 
0 2/0 y=1 
e : (62) 
- =n, 4), 
y=l 0 
agreeing with §12 (44), if in the latter formula we let roo. 
217. In order to derive the first Gaussian formula for repeated 
integration, we note that, according to (57), 


) Dot 
D2 = > ——— 8”. 
oS (ap) eee 
If, now, we put 
D> wre Selo ae 


y=0 
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and multiply the two equations by each other, we have 


1 Se Bis De! 
= 5 
ee \2t3 413 


4...) St Se tb Jat eine =) 


LG 


and, on comparing the coefficients of 6” in the expansions of both 


sides of the equation, J) = —1 and the recurrence formula 
D301 D301 
~ Io = Jaa gg 2-4 613° 


D30 2+ D3o02+3) (— 1) (63) 


tots @+as? 


leading to the same values as found in No. 129 by another method. 
We therefore have, to begin with, 


D? = 05 — 2 Ju Saas (64) 
If we apply this formula to f(z — 4), and note that 
as-yte— 3) = (1+ S)a-¥e) = 240) + Ve), 
we have 
J fie-pat=ry+3yO- 2 1,.08-Ye-Y+ar+b. (65) 


Assuming, as before, that the lower limits of integration and 
summation are zero, we find for x = 0 


b= z Jy,018”*f(—4), 
v=1 


while a is determined in a similar way by (34) which we write in 
the form 


ic = Pde = 2f(2) +2 Kile - 1) $a, 
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whence 


a= —2K,,8"~'f(—}). 
v=1 


If, finally, we insert in (65) the values found for a and b, we 


obtain 
[1 - paw =f Pjeae 
2} 


= 2'f(0) + 32f(0) —23 Ky, Yf(—-P)— 2 ho) 9a) | 4 


(66) 


agreeing with §12 (36), if in the latter formula we let r— «. 

218. The special formula of Euler’s type for repeated summa- 
tion or integration, which we derived in No. 154, may be obtained 
by the calculus of symbols on expanding V~?2H#-! in powers of D. 

On account of the relation 


ars 1 
=e de oer 
= Bega F hes 
o vt 
os a oe ye”? 
= 7 —>— 
2 v (v— 2)! 
we have 
E-} e-? 
27-1 — cane } 
x er ana 
ee a ies 
Sa eee 
or 
© B Dea 
Ty tie =3 > Ee ; ; 
Wi mefieri ene ol (67) 


agreeing with §14 (22) for — ~; for we see, on letting x > ©, that 
both constants in the. linear function, introduced by the integra- 
tion, vanish. 
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$19. Interpolation with Several Variables! 


219. Confining ourselves, to begin with, to functions of two 
variables, we denote a function of x and y by f(x; y); not, as is 
customary in analysis, by f(x, y) which, according to the notation 
f@) — fy) 

r-y 

We assume further, for the sake of simplicity, that the data are 
given in the following form, which we shall call the functton-table: 


of No. 16, means 


x Of Ss bo by by 
ao f (a0; bo) f (a0; b1) f(@o; be) 
a f(a1; bo) f (a1; b1) f(a; be) 


da (a2; bo) Jf (aa; b1) f (a2; bz) 


A perfectly safe way of interpolating for f(x; y) in this table is 
evidently the following one. For the particular value of x under 
consideration we interpolate, in succession, for the values 


Je; Po) BPO) Je; Diet 2s (1) 


At each of these interpolations we use one particular column of 
the table; these interpolations are, therefore, interpolations with 
one variable, and the accuracy may be controlled by the remainder- 
term in the usual way. 

But the sequence (1) is evidently a table with one single argu- 
ment of f(x; y), considered as a function of y and with a constant z. 
In this table we may, therefore, interpolate for f(x; y) in the usual 
way, controlling the accuracy by means of the remainder-term. 

It might, therefore, seem that there is no need for developing a 


1See further the following two papers which only came to my notice 
after the book had been sent to press: 

S. Narumi: Some formulas in the theory of interpolation of many inde- 
pendent variables: Téhoku Mathematical Journal, vol. 18 (1920), p. 309. 

L. Neder: Interpolationsformeln fiir Funktionen mehrerer Argumente; 
Skandinavisk Aktuarietidskrift, 1926, p. 59. 
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separate theory of interpolation with several variables. There are, 
however, several reasons. why this should be done. In many cases 
we are not satisfied with obtaining f(x; y) for particular values of 
x and y, but want an approximate expression for f(x; y) as a function 
of x and y. The extent of the given function-table must also be 
taken into consideration, as it is not always possible to interpolate 
for the values (1) with uniform accuracy. In any case we shall 
assume that we possess the values of f(x; y) required in order to 
obtain a form useful practically for the remainder-term. From this 
follows that the points (a,; 6,) used for the interpolation cannot 
be chosen quite arbitrarily in the plane but—as has already been 
assumed in the function-table above—belong to the points of sec- 
tion of two systems of parallel lines of which one is parallel to the 
x-axis, the other to the y-axis, while the distances between the 
parallels are quite arbitrary. 

220. If a table of f(x; y) is given, divided differences may be 
formed with respect to x and y, separately or simultaneously. The 
divided difference with respect to 2, formed with the arguments 
Q, Qi, ... 4,, and with respect to y, formed with the arguments 
bo, b:, . . . b,, is of the order »y + yu, and is denoted by 


Tea = f(a ‘cites a,; bo Se Ae Oy). (2) 


It is indifferent, in which order the successive differences are 
formed; for if the symbol @, (see No. 18) acts on 2 alone, and the 
symbol 6’, on yo alone, it is seen by a simple calculation that 


0,0’ of (Lo; Yo) = 8’ gOpf (Xo; Yo). (3) 


In dealing with more variables than one, it is of great importance 
to abbreviate the notation as much as possible, and we shall there- 
fore write 


oC, (=m) 5. . (=, 1) Fy, Yn). (Oe); 
(4) 


=Yo=1. 


We have then, by Newton’s formula with divided differences 


fay) = = 2, f(ao nos Cys) ety aor hs Cormac), 


§19 INTERPOLATION WITH SEVERAL VARIABLES 205 
But by the same formula 


f(Qo 2) 52/2 a,;Y) = 2 Yuba t Ym + 1a Sal dadd a,; Y, bo ome eee Bn)s 


b= 


so that 


DD) es a asa (5) 


On 


n 


R = Yin 2 2 Jom <0); 9, De. 2 70,) + To ilerao. «. Ay; ¥)- (6) 


v=0 


Now it is easy to simplify the expression for R; for we have by 
Newton’s formula with divided differences 


IKE: Y, bo oo 0 Bin) 


ie oe x,f(o.. iO See oey) 2 En +1f(, Qo. ° S Gast), DerisreDids 


y»=0 


and hence, on eliminating > between this equation and (6), 
v=0 


R aa nti 4 (2, Go oie An; Y) + Ym +1 F(x; Y, bo cies Din) 


mo AON MOEN, mouae An; Ys Bo CO 9 Oe 


(7) 


_ A practical form of the remainder-term may be obtained by 
noting that 
1 


n+1 y,m+l1 ; 
Cigna 


HL, dee. Un Ys One. On) = 


D, and D, denoting partial differentiation. For we have first 


FQ Go a0 2 Onis Ven. 202) = a 7 ri ——— Dy" f(a, Gouin Gas) 


n depending on x; but as D, denotes a partial differentiation, we 
may write 


{Cao on) = aE Geen Dey eny, 
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We therefore obtain from (7) 


Ay sity n+1 he m+1 Ln41 Ym+1 n+1 pee 
= Dc eee 9 
Gi nein 3 (n+1)! meat » (9) 


where we have, for abbreviation, left out f(é; y), f(x; n) and f(&; 7). 
As the actual values of £ and 7 are unknown, it can hardly cause 
any misunderstanding that these numbers are not assumed to have 
the same values in the third term of F as in the two first ones. 

The expression (9) is, of course, not so simple as in the case of 
interpolation with one variable; but it is, in reality, simpler than 
what might have been anticipated in interpolating with two variables, 
and perfectly suited for numerical calculations. It should be noted 
that the third term of F (apart from the sign) is not the product, 
but the symbolical product of the two first terms. 

As the most important cases, practically, of (5) and (9) we note, 
forn =m=1 


fay) =fotrafiotyifa truyifu + R, 
. eas 10 
R= =Di+ 2D, - SSDD; ey 
and for” = m = 2 


Sey) = foo + xi fio + X2 foo 
+ Y1 (for = fu Se Xe for) 


+ Yo (for + Xi fiz + Xe fro) + Rf, (11) 
a y Xs Y 
R= —Di+ GPa rar ee 


221. Amongst the general properties of the polynomial in (5) 
we note that it is of degree n in x and of degree m in y. Further, 
that forz = a, (0 Sv Sn), y =b, (0 < w <™m) it assumes the value 
f(a,; ,), as the remainder-term vanishes under these circum- 
stances. The points used in the interpolation are all the points 
(a,; 6,) for whichO S<vy<n,0 <p Sm. These points are the inter- 
section points of two systems of parallels, of which n + 1 are parallel 
to the y-axis and m + 1 to the z-anis. 
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It is clear that interpolation by (5) is equivalent to the method 
described above of interpolating first for one variable and then 
for the other, provided that, in interpolating for x, we use the n' 
difference in each y-column, and that, in interpolating for y, the 
m** difference is used throughout. It is also clear that we obtain 
the same result, whether we interpolate first for x and then for y, 
or vice versa. 

If we only want the value of f(x; y) for one particular value of x 
and y, it is easier to interpolate first for one and then for the other 
variable, than to employ (5), see No. 236 and No. 240; but even 
then, our analysis has shown that we may content ourselves with 
applying the remainder-term (9), instead of examining the re- 
mainder-term at each individual interpolation. 

222. If in (5) we put a, = 0,6, =0 and write, for abbrevia- 
tion, D,, D; instead of Di, > Di -» f(u;v), we get 


~ (n+1t¢ 


- This formula is not identical with the usual form of Taylor’s 
formula for two variables, the latter proceeding by homogeneous 
polynomials in x and y and having a different remainder-term 
(No. 232). 

Next let us, in (5), put a, = v, b, = uw. Using the notation 
A. A’ in a sense analogous with D’, D’,, and not to be confounded 
with the differences for arbitrary intervals occurring in earlier 
sections, we find 


(13) 
err GOED ay 


~ m+)! § (m+1)!-" ~— M+eDitmeni " 


being the interpolation-formula with descending differences for two 
variables. We need hardly write down the corresponding formula 
with ascending differences. 
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223. Stirling’s and Bessel’s formulas with two variables may, of 
course, be obtained directly from (5), but it is easier to derive them 
from the formulas with one variable, by means of the following 
considerations. 

If we follow the line of argument leading to (5) with the remain- 
der-term (7), it appears, that we have made no use at all of the 
circumstances that x, is the special function (© — do) (& — a1) 

. (© — a,-3) and f(@,a, ...a,) a divided difference. 
In reality we have only made use of the fact that f(x) has the form 


f(x) = B PCR A eR ICT LOR. eee) 


the x, being certain given functions of x, a, ...@,— 1, and the 
f(@o . . . a,) functions of @, . .. a, which are obtained by per- 
forming certain operations on f(x). Formula (5) is therefore valid 
on these more general assumptions. 

We now denote the operation by which f(a .. . @,) is derived 
from f(x), by 


~ 


uf) =f@o...4,). (15) 


The operation 6” need not, therefore, necessarily mean the v times 
repeated operation 0, but includes, for instance, such operations 
as 6” = (16’,etc. If the operation @” is distributive and commutative, 
(5) may be written in the form of the symbolical product 


a er Oe (16) 


0 n=0 


I t42 
8 
. 
D> 
ind 


f(y) = 


This is perhaps most easily seen by noting that, if by a, 41 we 
understand x, (14) may be written 


n+1 


f(a) = 2 ty Oy Su) 


whence 


fb 
f@y= 22,6. 2 9,8 
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where 
1 n 

= 2, 6, 
v=0 


n+l ue m+ 
R= 241% Z Yn 8 + Ym +1 8 
n= 


n+1om+4+1 
nein Oat On 0, . 


Removing now the sums by 


x, 6, f(U; 0) = f(t;0) — tha. f(u;»), 


IiMa 


= F m+1 
Z Yn 8 Sus 2) = f(U3Y) — Umar Oe fuse), 
45 
we have the short form for the remainder-term 
R = n+ ale et ee | ae — %n41Ym+1 ead ae 

224. It is clear that in this way we obtain three types of inter- 
polation-formulas with central differences, as each of the sym- 
bolical factors in (16) may be either of Stirling’s or of Bessel’s type. 
Thus, the formula of the type Stirling-Stirling is the symbolical 
product of the two formulas 


nF pll—1 eri. 
5 (sade a 
v=0 


(2v — 1)! i (2v)! * 
and (17) 
e [ yl - 1 . pen ie ym) ] 
»=0L(2u — 1)! (2p)! 
with the remainder-term 
[2n4+2]—1 [2m+4+2]—1 [2n+2]—1 p[2m42]-1 ” 
x 2n4+1 Yy 2m+1 x Yy be De ek (18) 


ae (2n+1)!§ (Qm+1)!°" — Qn+1)!Qm+y! ! 
We have, for instance, forn =m = 1 


2: 
f(x; y) =14+c04+5% 
x? 9 
+y(o4+20404+%805) (19) 


2 2 
+2 (t+ooad+Saa) te, 
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Dp a ) ps 2b sea Chiat 9) Uy?) 7p (20) 


pate—y 
6 


The factor left out in (19) is f(u; v), so that the first term on the 
right, or 1, means f(0; 0). 

225. In the same way, the formula of the type Bessel-Bessel 
is the symbolical product of the two formulas 


n gp l2v +1j-1 op gl?» + 1) Pee " 
28) | Pte ley sae ak 4 Oe 
ral (2y) ! a oe iit 
and (21) 
m (Qu+ 1-1 [2 + 1] 
E a Te a ‘] 
w=oL (2u)! (2u + 1)! 
with the factor f(u + 3; v + 3) left out, and the remainder-term 
e ag l2nt3]—1 ue qos mis s laa (ona a ake pt? (22) 
(Qn+-2)) * Oma) 7 (2n+2)!(2m+2)!* 5 ot 


We have, for instance, form = m= 1 


x—F } Sef 
f@+3;y+3) =0,0,+28, 0, +—— a “016, 0, + oCle 


Yr 


x 21 
+u] Ova +28, 5, + bere ers ot | 


(23) 
; = 2_1 

pees a, Disken Ce Sony ee 
+2 Platten tse ( DegleR 
with the factor f(w + 3; v + 4) left out, and the remainder-term 

Ofer Oe et 

R= 
24 a 
(24) 


Y-ay—-Drs @-P)e-H Y-DY-Da. 
- 24 Wako 24 24 =DpDy. | 
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226. Finally the formula of the type Stirling-Bessel is obtained 
as the symbolical product of 


n gi-1 merhety sme 
3 | =o + 5, 


(2v — 1)! a (2r)! 
and (25) 
m (24 +1) -1 [24 + 1) 
> k se ae y is + ‘l 
p=0 (Qu)! (2u + 1)! 


with the factor f(u; v + 4) left out, and the remainder-term 


[2n+2]—1 [2m+3]—1 [2n+2]—1 ,[2m+3]—1 
x Qn+1 2m+2 x 2n+1 ,2m4+2 


~ (n+)! § (2m+2)!°7 — (Qn+1)!(2m4+2)1-—§ 7 ° 


We have, for instance, forn = m = 1 
A oa 
f@e;y+%) =0,+20 by On + “5 ou BO, 


2 
+4(3, +20 i Meee s,) 
(27) 
Nae eesae' 


he oe 


2 
(c 5 eh 8, 1 + 8 ox) 


1 


DA ae |e 2 
+ Yu? =) (f+20 ial 


with the factor f(u; v + 4) left out, and the remainder-term 


pat@iVp, Vi Dw Dp | 
6 24 
(28) 


= < NN gto oy =a) Di Ds. | 


227. We note, in particular, the formula for interpolation to the 


R = (— Dea 
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middle. It is obtained from the type Bessel-Bessel by putting 
x = y = 0 and is, therefore, the symbolical product of 


ie IES: tae wo eri s Qy 
2 ; (= 1) ov (2) ! u 
and (29) 
m Ne een Freon eames 
= [ps ee 6 
ee y 974 (Qu)! ene 


with the factor f(u + 4; v + 4) left out, and the remainder-term 


[L3... n+ YI pants On file. ee 
gente (2n ue 2) ! dD: aimF (2m #6 2)! ' n 


[13-20-61 113... Gm DP Wnts pe? 
Dn 8 (Dy Je Oy aes a yg ee : 


+(- pars 


—(-1r* 


This formula is, in reality, fairly simple if written with numerical 
coefficients. Thus we have, forn = m = 2, 


eed 1 
lie ia lS ae O, eo 


2°2 128 
alae Be ae re Wine SAS a) (31) 
8 8 128 


fio! ‘) 
== - = - 5 R 
= (ovo 5 O18, me +0 O5,)+ 


1 1 
with the factor +5 93 + 7) left out, and the remainder-term 


Ste orp (D; +D)) - (45) D:D, 22) 


228. Formulas with two variables of Everett’s type may be 
obtained in exactly the same way. We leave the details to the 
reader. 

229. Interpolation-formulas with three or more variables may 
be obtained by the same method. We confine ourselves to stating 
these formulas in the general case; that is the case of divided dif- 
ferences, from which all the more special formulas may easily be 
derived. 


(3( 
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If there are three variables, we begin by expanding in terms of 
one of these, and thereafter use the results obtained for two variables, 
that is (5) and (7). The 2-terms occurring in the remainder- 
term are eliminated as above by Newton’s formula, written in the 
form 


zt, Fao says C= JD) — in a FO, Le vgsn ile) s 
In this way we find 
I@y;2) = = 


or in symbolical form 


k 
~ yee Yate hm are (33) 


n m k 
12595 2)0= 260, 2, Date Ooet it, (34) 
0 x=0 


v= u=0 


the factor f(u;v;w) having been left out. 
For the remainder-term we have, to begin with, the inconvenient 
form 


B= Fy 41S, Qo... Ons Y5 2) + Ymsi Sj Y, bo. . » bn52) 
ay ats, coC0 so 5 C, iE a eg eget A, es oY, Oar oi 0S) 
nth Sp 4, dons s 2, Cows CL) Um 1 See OY 00 8s Om eh Ce ='s Cp) 
at en Ue § oa qh eran le wl 06. ss te, Otis, Coe <i CEe 
In order to simplify this, we again abbreviate our notation, 
writing 
Tn t1 =In41 S(O.» » OnjY}2) 


a In +1 n+1 
Geet 
EDS LD ero = In+1Ymtis(, a Oo O0 An; Y, bo JOO Om; 2) 


(36) 
18 Tr+1 Ynm+1 Wy pica 


PeGiee yh al a: d 


Ln Ymtt Se+1 =Lnt1 Ymti tS (L, Ao- + AnjY; Do... .Om;2,Co+. + Ck) 


’ 


ad Tr+1 Ym+1 241 Doe pp 
Gaplcn ss Dit aatat =) 7 Ss 


(35) 


214 INTERPOLATION §19 


etc. In this notation the remainder-term assumes the more trans- 
parent form “. 


~ 


R= (Lnsi + Ymir + zeti) — (Lata Ymgi + Ent Fett + Ym4t Ze) (37) 


+ Unt Ym Se41- 


230. It is finally proved by industion that analogous formulas 
hold for N variables. If = means summation with regard to all 
the variables x, y, 2, . . . , we find for the remainder-term in the 
general case 


R= 24,44 — 241 Yeti PS fae Yuta eee 22 GS) 
The number of terms in this formula is 
N+Q)+@Q@)+...4+1=2%-1 


This number increases rapidly with N, but is, on the whole, small 
in comparison with the number of principal terms in the develop- 
ment of f(v; y; 2; ... ), the latter numker being 


(n+1)(m+1(K+1)... (N factors). 


231. So far we have only considered certain interpolation-formu- 
las, possessing remainder-terms of a particularly simple form. We 
are now going to briefly mention certain formulas of a more elastic 
nature, but with more complicated remainder-terms. We confine 
ourselves to the case of two variables and to the formulas with 
divided differences. The reader who has followed our preceding 
explanations will have no difficulty in performing for himself the 
extension to more variables, and the specialization to descending and 
central differences, etc. 

If, in deriving (5), we do not expand all the f(a)... a,;y) to 
the same number of terms, that is, if we make m depend on v, we 
evidently obtain a more general formula. We may express this by 
writing m, instead of m, in which ease, instead of (5), we obtain 

n ™m 


v 


fey= 2 22,y.f, +8, (39) 


»=0yn=0 


= Lntif(L, Ao es any) + Zz L, Ym, +i (Go ++ GsY; bo pat Oi) (40) 
v=0 
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or for practical purposes 
Cn n Md x, Ym, ae 1 
Se orialing eak Fo Sule yy ben 
(n+ 1)! »=0vl (m+ 1)! 


This remainder-term is not so simple as (9), but not so compli- 
cated that it is impossible to apply it in practice, especially as com- 
pensation is obtained by the fact that there are fewer terms to cal- 
culate in (89) than in (5). The choice of the numbers m, and n 
depends on an examination of the separate terms in (41) which is, 
of course, an inconvenience. In practice it is, therefore, often 
preferable to apply (5) with the remainder-term (9) in such a way 
that the terms which can at once be seen not to influence the re- 
quired decimals, are not actually calculated. The same remark 
applies to the more special formulas, such as (23), etc. 

232. A particular case of (39) deserves special attention.' If 
we put m, = n — »v, we obtain immediately 


Dip Pe emai) 


f(z; y) = z > Pe Yetu + BR, (42) 
v= = 

n+1 as 

Py get ater tale ly py BETTS (43) 


> oe 
v=ovlm—vy-+1)! 
This may more conveniently be written in the following form 
S(esy) =foo t+ ifio + Yifor) + (efoo +t 2iYifir + Y2for) +... 


lu 
oF gla vapiat: in Oars aa Balen) +R, 


—2nt+1_ peti In Yi pn Yn+1 pnt 
eS rat enamel (po oF ce le a 


An examination of the remainder-term shows that it vanishes at 
the following points 


(do; ba) 
(do; bn _ 1); (a1; bn - 1) 
(Qo; b, - 2), (a1; b, - 2)) (a2; Dn - 2) 


e, ©. (6 @ © ¢ 6 6 '¢ oe e ee © © © © © © 


(ao; bo), (a1; bo), SS OOOO OD OG Go (ay; bo). 


10, Biermann: Vorlesungen itiber Mathematische Naiherungsmethoden, 
p. 138-144. 
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At these points the polynomial in (44) therefore assumes the 
values f(a, ; b,), and the number of eae in the polynomial 


is the same as the number of these points, or 5 L in +1)(n+2). A 


polynomial of this form is, therefore, completely determined, if we 
require that it shall assume these values, and (44) is a means of con- 
structing such a polynomial. 

Taylor’s formula for two variables is evidently obtained as a 
limiting case of (44). 

233. We may write (5) in a form corresponding to Lagrange’s 
interpolation-formula. For if we put 


Pa) =(@ — a) @— aq) .. @ —4,); P@)= pcs } 
= (46) 
Ply) = Y — bo) Y— bi)... Y— bn), P,Y) = Tee 


~ 


the polynomial 


v 


will evidently for = a, (0 Sv» Sn),y = 5, (0 <u < mM) assume 
the values f(a,; b,). As the polynomial is of degree n in x, and of 
degree m in y, it must be identical with the polynomial on the right 
of (5). We therefore have 


fay) = = f@,;5,) +, (47) 
the remainder-term being the same as in (5) and therefore identical 
with (7) or (9). 

We shall call this formula Lagrange’s formula for two variables. 
It is easily extended to three and more variables. It is very useful 
for deriving certain formulas of mechanical cubature, see §20. 

234. As regards the practical calculation of the coefficients in 
the interpolaticn-formula, we may begin by forming, by means of 
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the function-table, the following table which is called the difference- 
table in x. 


F(@o; bo) f(a0; bi) f(@o; be) 
F(@o, 21; bo) f(@o, a1; b1) f(@o, @1; bz) 
S (ao, a1, Qa; bo) J (@o, G1, @2; bi) f(@o, Gi, G2; ba) 


The numbers in the first, second, etc., column are obtained by 
forming the divided differences of the values in the first, second, 
etc., column of the function-table. 

Having thus filled up the difference-table in x, we form the fol- 
lowing dzfference-table in x and y by forming the divided differences 
of the values in the first, second, etc., line of the difference-table 
in’: 


f (a0; bo) f(@o; bo, bi) f (Go; bo, bi, b2) 
f (Go, a1; bo) f(@o, 1; Bo, b1) f(@o, @15 bo, bi, ba) 
f(@o, @1, 42; bo) | f(ao, a1, a2; bo, bs) | f(ao, ai, G2; bo, bi, bz) 


But this table is identical with 


foo for for 
fio fi fiz 


fro fa fre 


and therefore contains exactly the divided differences of which use 
is made in the interpolation-formula. It should be noted that 
columns in the table correspond to lines in (11), and vice versa. 

235. As an example, we will assume that the following table is 
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given of a polynomial which is of the third degree in z, and of the 
third degree in y. “ 


~ 


x y=0 2 3 5 

2 9 65 159 599 
3 19 133 289 979 
5 51 401. 741 2051 
6 73 625 1099 2803 


We first form the difference-table in x 


9 65 159 599 
10 68 130 380 
2 22 32 52 
0 2 3 5 


and from this the difference-table in x and y 


~ 


9 28 22 4 
10 29 ll 2 
2 10 0 0 
0 1 0 0 


The polynomial f(x ;y) is completely determined by the given 
function-table; by means of the difference-table in x and y, and by 
formula (5), we may immediately write down 


fe ;y= 9+10(~—2) + 2(x—2) (r—3) +0 
+ y [28 + 29 (x—2) + 10 (@—2) (2-3) + (@—2) (@—3) (2—-5)] 
+ y (y—2) [22 + 11 @—2) + 0 + 0 ] 
+y y—2) Y—3) [4 + 2@—2) + 0 + 0 ] 


which reduces to 
S@;y) = wy + 2x? + xy? + 2rys + 1. 


236. If we only want the value of f(x; y) at a special point, say 
x = 4,y = 1, we may avoid forming the difference-table in 2 and 
y, and content ourselves with the difference-table in z. By means 
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of the latter, we form a table of f(4; y) as shown below, and inter- 
polate. 


9+ 102%, + 222. + 023 = 33 


0 

2 65 ~=«68 22 2 241 a 44 : 
3 159 180 32 3 477 res 84 

5 599 380 52 5 1453 


The result is 
f(4;1) = 33 + 104y1 + 44y2 + 8y; = 109. 


237. The same results are, of course, obtained by inserting the 
given values in Lagrange’s formula (47). 

238. If we interpolate by (44), we form, of course, only the 
differences actually used in the formula. Let the function-table be 


ai y=1 2 3 
2 1404 1989 2808 
3 2340 3159 

4 3510 


As in this case the arguments are equidistant, we use ordinary, 
and not divided, differences, and form first the difference-table in x 


1404 1989 2808 


936 1170 
234 


and hence the difference-table in x and y 


1404 585 234 
936 234 
234 


The result of the interpolation is 
f(x; y) = 1404 + [936 @ — 2) + 585 y — 1)] 


@ = 2) Cae | R 


+234 5 BCC ket i ai ae 


220 INTERPOLATION §19 


or 
f@;y) = 117 [+ y)? +2 —-2y¥ +3] +R, 


R being given by (45) forn = 2. If it is known that f(x; y) isa 
polynomial of the second degree in x and y together, that is, of the 
form 


f@y) =Ze,27y* ~ wtus2), 
we have evidently R = 0, and consequently 
f@sy) = 117[@ + y)*? +2 — 2y 4+ 3. 


239. As a slightly more complicated case, let us consider the 
following table of the function 


ev —1 
Sy) = - 

x y = 20 22 24 26 
0.035 28.9644 33.1362 37.6105 42.4092 
0.040 30.6885 35.2725 40.2924 45.7304 
0.045 32.4356 37.5830 43.2151 49.3776 
0.050 34.3656 40.0833 46.4023 53.3859 


and interpolate for f(; y) by the formula Bessel-Bessel with all the 
accuracy obtainable from the table. It is, then, (23) that is to be 
applied. 

We first form the difference-table in x 


31.5370 36.4278 41.7538 47.5540 
1.7971 2.3105 2.9227 3.6472 
0.1280 0.1820 0.2526 0.3436 
0.0099 0.0156 0.0237 0.0351 


The first column contains the central differences, or means, ob- 
tainable from the first column of the function-table, that is 


31.5370 = (30.6385 + 32.4356), 1.7971 = 32.4856 — 30.6385, 


Nol rR 
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etc. The second column of the difference-table in x contains the 
corresponding values, formed by means of the second column of the 
function-table, and so on. 

From the difference-table in x we now form, line by line, but 
otherwise by the same method, the difference-table in x and y, or 


39.0908 5.3260 0.4547 0.0390 
2.6166 0.6122 0.1056 0.0135 
0.2173 0.0706 0.0185 0.0038 
0.0197 0.0081 0.0029 0.0009 


Here we have, then, 
1 
39.0908 = 9 (36.4278 + 41.7538), 5.3260 = 41.7538 — 36.4278, 


and so on. 
We may now write down the result, which is 


1 ee 
(e+ 5iu +5) 


Ips ea 
39.0908 + 2.61662 + 0.2173 5 + 0.0197 ae 


=, ae 
+u/( 5.3260 + 0.61222 + 0.0706 ~ oS + 0.0081 7 


pee Lt ene 
ie af 0.4547 + 0.10562 + 0.0185” Pa + 0.00297 = #)) 


aes Viet 1p 8 pean i 
Nees ae 4) ( 0.0390 + 0.01352 + 0.0038 ~ 5— + 0.0009 a) +R, 


where Ff is given by (24). The formula assumes as usual that the 

table interval is unity; it should therefore be noted that x and y 

have different meanings in the formula and in the function-table. 
ry 


240. If we only want the value of f(x; y) = at a special 


point, say x = 0.044, y = 22.5, we proceed as in No. 236, stopping 
at the difference-table in x, and completing the calculation in the 
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corresponding way as shown below, putting in the interpolation- 
formula 


v5. GL We ee jatar lee nels 
af bee 2 aes 4 ante 
v f(.044;y)] 6 FY) 3 
se z?—} x(z*—}) 
20 |} 31.5370 + 1.79712 + 0.1280 5) + 0.0099 6 = || 32.0658 
5.0405 
22 || 36.4278 2.3105 0.1820 0.0156 37.1063 | . 5039 = 0.0429 
24 || 41.7538 2.9227 0.2526 0.0237 42.6102 € bie 0.5063 
26 || 47 5540 3.6472 0.3436 0.0351 48 6204 ‘ 
The result of the interpolation is 
(0.044; 22.5) = 
Chie yy? — 4) 
39.8582 + 5.5039y + 0.4848 aa 0.0429 —___— 6 = 38.4371. 


The interpolation-formula for a single variable is, in practice, 
often written in the form §5(18), see the numerical example in 
No. 45. 

241. The question is now as to how many decimals can be 


relied upon in this result. 
zy 


We observe first, that from f(v~;y) = : we immediately 


obtain 
D; migie: Dy D, = ye (xsy3 + 122%y? + 36xy + 24). 
Further, we have 


S@y) = erat, 


y y 
Di = iG edt < e¥ \ dt =} y®e™. 


We now obtain upper limits to De Dy and D: D, which are all 
positive in the intervals under consideration, by putting 2 = 0.050, 
y = 26, whence xy = 1.30. We find 


and hence 


Dz < 8720000, D} < 0.00046, Di Dé < 8900. 
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But in order to obtain limits to the differential-coefficients in 
(24), we must take into account that the table intervals are not 
unity, and therefore multiply dD, by 0.0054, D; by 24.= 16 and 
D: D; by 16 X 0.0054. We thus find that the terms depending on 
D; or D, alone do not exceed 0.00008 and 0.00013 respectively, 
while the term depending on D: D, is quite negligible. The error 
represented by the remainder-term can therefore not exceed 2.1 
units of the fourth decimal, to which may be added a trifling forcing- 
error. As it happens, all four decimals in the interpolated value 
are correct. 

242. Interpolation with several variables is always a tedious 
process in comparison with interpolation with one variable, and it 
is therefore desirable, when possible, to reduce the problem to inter- 
polation with one variable, as may sometimes be done. In the 
last example we may put 


or | 


fiery) =y-" = yy (zy); 


we then obtain from the function-table, after division by y, a table 
of y (z) in which we may interpolate for ¥(0.99), whereafter the re- 
quired value is found as 22.5y(0.99). In the special numerical 
case considered above the interpolation may even be completely 


37.5830 
avoided, as 0.045 X 22 = 0.99, so that ¥(0.99) = 
37.5830 


and the 


= 38.4371. 


required value 22.5 


Not infrequently it is possible to interpolate along a single line 
of tabular values, for instance a diagonal or other sloping line.! 
Let us assume that the values of the function are known for in- 
tegral (positive or negative) values of x and y. If we put 


v(2) = fike + h;ma +n), 


k, h, m and n being integers, ¥(2) is known for integral values of 
z, and we have a table of ¥(z) in which we may interpolate for non- 
integral values of 2, and therefore find f(z; y), if x and y have the 
formaz = ke +hy =m+n. 


1J. Spencer: Journal of the Institute of Actuaries, vol. 40, p. 299; W. 
Palin Elderton: Biometrica, vol. 6, p. 94. 
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§20. Mechanical Cubature 


243. We define a formila of mechanical cubature as a formula, 
representing the approximate value of a double integral! as a linear 
function of a certain number of values of the function under con- 
sideration. We have therefore to do with an extension to two 
variables of the formulas derived in §16. If we confine ourselves 
to constant limits of integration, the ‘method is quite analogous, as 
we evidently obtain a formula of the desired nature by integrating 
Lagrange’s interpolation-formula for two variables, between fixed 
limits for x and y respectively. We may thus, as will appear 
presently, largely make use of the results obtained in §16. We 
content ourselves with a few applications of the quadrature-formulas 
involving an odd number of terms. 


If we put 
P@) =z2G@? — 1). .» @—?r"), Pia) = a 
: Peal 
PQ) = YG Dn. t= se Py) — ae 


Lagrange’s formula with two variables, or §19(47) with the re- 
mainder-term §19(7), may be written 
eee LO) 
siy= > FF == sw) + P(x)f(7,0,41,...47; 
S(@;y) cies BiG) Pw ht) (x) f¢ y) 


+ Ply) f(e;y,0,+1,...+8)—P(z) P(y)f(z,0,41,...47;y,0,+1,...48). 


If we put, for abbreviation, 


m P: (x) iP P (y) 
U => => Beles i 
v Eth, P(r) dx, ie ae P,(w) dy, (3) 


and integrate (2) with respect to x between the limits +m, and 
with respect to y between the limits + n, we obtain 


J" J sew aay - > 2 UUs +R, 


y=>-ryu=-—s 


1 This notion is often confounded with that of a repeated integral, see No. 
117, 129 and 154. In the latter case we have only one variable, in the former 
two. 
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Cal ibs [P@) f@,0,+1,...4r;y) +P (y)f(;y,0,+1,...+8) 


— P(e) Ply) f@,0,41,...47r;y,0,41,...+)] dedy. 


(5) 


We may simplify this remainder-term by means of the properties 
of P(x), proved in No. 169, and applying, mutatis mutandis, to P(y). 
We find for each of the three components of the remainder-term 


, ie Pe) f@,0,41,...47r;y) drdy 
— , ie Q(x) fiw, xz, 0,+1,... 47; y) dxrdy 


: Se Desa) (* ie 4n Dz f(é: 1) ie [2r-+2] 
at (ey 3) ee G@r+at 7 @ 


and in the same way, or by substitution of letters, 


4m D2 ** (E50) 


(2s F 3) yet) dy; 


i \ Pty) f(x;y, 0, £1,...+s)dxrdy = 


finally 


i a P(x) Py) f(t, 0, +1,...47r;y,0,41,...+3) dxdy 
= =|) Ip Q(a) Ply) f(a, z,0,+1,...4r;y,0,+1,...+8) dedy 


= (\ fe Q(x) OY) S@,x,0,+1,...475y,y,0,+1,... 48) dedy 


Dive 2s+2 


Dy f(é5 0) 
~ Gr $2)1@s+2) a Qta)dr. Qu) dy 


4 apes Dee fle; n) 
~ (Qr +2)! (2s + 2)! 


n 
gl*rt2] dy . i, yet 2] dy, 
0 
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so that 
Ree De” f(é7) ie ee dz + —_1——"— 4mDy™ EG Vu ere ly 
(2r + 2)! (2s + 2)! 


Ga tay b, ee, f(é; i) 


iatcagie ee Weel Ue NOVELL: gy ?rt2] (2s+2] 
~ (r+ 2)! (2s + 2)! ; az. {. ee: 


244. If, for both the variables, we choose the interval of integra- 
tion as unity, we must put, in (4), 


sfeiw) = F(Z ;#), @) 


2m 2n 


Introducing at the same time the notations 


a 


Beg ected aes By gar oat Be dae Vs 
Pav Cor A) 7S HY +m 2m’ 2n P( 2m’ -#), 


and writing, as in §16 (14), 


(2k] 2 ™m 


(4) and (6) may, since according to No. 168 


CU, = U,, Ua. = U,, 


be written 


4 4 = <r ee 
VY Peimaea = VoVola + VorV, Fay + Vor Vy ls oy 
=te= 1 


dl 
+ > > Us [fe cae a 


yvelp=l1 


[2r+2] De (2s+2] 7\2s+2 2r+2 2 
Rw Oom ie Os D; 0. r+ Wars S42] Dos Dae 


(11) 
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In the two most important cases, r = m, s = n (the closed type), 
ony =m —1,s =n — 1 (the open type), the coefficients V,, V,, 
r+2 
aia | om +2 may be immediately taken from the tables 


2m 


in No. Za 

It should be noted that the right-hand side of (10), apart from 
the remainder-term, is the symbolical product of two formulas with 
one argument, viz. 


Vee (eer) 
1 
and (12) 


Vo+2V,(E+E,") 
1 


the factor left out being F i al 


245. The most important of these formulas is Simpson’s formula 
for two variables which is obtained forr = m = 1, s = n = 1, that is 


4 4 
it J Fai ydady m= 16 Fo) + 4 _ + Fay cere. (13) 


4 4 
ie 2880 =3 (0! el aorcr a = Di), ay 


This formula contains 9 values of F(x;y), placed in a square. 
Foo is the value in the middle of the square, F'.1, is the sum of the 
values at the corners, and (F419 + F291) the sum of the remaining 
values. 

246. If, next, we putr = m = 2,s =n = 2, we get a formula 
of considerably greater accuracy, viz. 


3 4 
= Sn a eT at 4 Ff. 
eh Hie yaad au [144 Poo + 1024 Pas + 49 Paro as 
+ 384 (Fao + Faso) + 84 (Faoe + Fano) + 224 (Patz + Pon)] +h 
= — 0.0852 (Df + Dy + 0.052 D; D>). (16) 
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In this formula we have used 25 values, placed in a square schedule 


as follows: ~ 


Foo The middle. 
ang The corners of the inner square. 
F 2.99 The corners of the outer square. 


(Fao: + F x19) The middles of the sides of the inner square. 
(Fag. + Fx29) The middles of the sidés of the outer square. 
(Paso + Fao) The remaining 8 points. 


In performing the calculation, it is practical to mark off the values 
as they are used. 

247. In cases where only a rough approximation is required, 
we may sometimes replace the volume whose base is a square with 
side 1, by the height in the middle of the square. That is, we apply 
the simplest formula of the open type, or §16(15). The result is 


Ip iy F(x;y) dady = Foo +» (Di + D3 — + D?D?). (17) 
Bra eae pany ech, DS ei oar 


248. As an application, let us calculate the integral 


3 3 xz 
if \ oy ae! (18) 


We have then 
G 1 1 if 
F(a;y) = ( at i 


a+y? 2 x+y «x-—wy 
so that 
2v + 2u)! 1 1 
D*p™ = (—ye £2! — aan | 
ay ( ) 9 (x as were a5 (a a weet * 


If on the right we put 
x =pcosd, y=psin8, 
whence 
10 10 


xu + wy = pe, — ly = pe, 


§20 MECHANICAL CUBATURE 229 


we get 
27 2 2v + 2u)! 
Ds De = (—1)° ST 8 (2y ae 0 a 1)0, 
consequently 
Open (2Qv + 2u)! 
|D, Di Ss pert tert . 


For the region of integration under consideration we may, on 
the right, put x = y = 2, and thus find 


z (Qv + Qu)! 
ae err 9) 
to be used in examining the remainder-term. 


If we apply Simpson’s formula for two variables, the function- 
table has the following appearance 


DED (19) 


i y= 2 25 3 
2 a 8 2 
4 41 13 

‘ 10 1 10 
} 41 5 61 
3 12 1 

3 _— a — 
13 61 6 


so that the required value, apart from the remainder-term, is 
AIG (1822) 1 5 | 17 _ 14045621 
36| 5° Bree ~ 70228080 


41 ' 61 


B = rs = 0.200000. 

The question is now as to how many of these figures may be 
relied upon. 

We find by (19) and (14) 

I 4! 4! 1 8! 
9880 (27/2 * 24/2 1 28802"/3 
so that the required volume is 0.2000 with an error that does not 
exceed one unit of the fourth decimal. 


|R|< )< 0.000094, 
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In the case under consideration it is, by the way, possible to per- 
form the integration rigoufously; we thus find the value 


9 5 Pe 
> Log 2 + 3 Log 3 — “g Log 13 +7 — arctg> 3 = 0.200021, 
so that the limit to the error, found by the remainder-term, is not 
much too high. . 

249. We will now treat the same example by formula (15). 
The function-table is here 


xc y = 2.00 2.25 2.50 2.75 3.00 
2.00 0.25 0.2206896 | 0.1951220 | 0.1729730 | 0.1538462 
2.25 0. 2482759 | 0.2222222 | 0.1988951 | 0.1782178 | 0.16 
2.50 0.2439024 | 9.2209945 | 0.2 0.1809955 | 0.1639344 
2.75 0. 2378379 | 0.2178218 | 0.1990950 | 0.1818182 | 0.1660377 
3.00 0. 2307693 | 0.2153333 | 0.1967213 | 0.1811321 | 0.1666667 

and the required value, by (15), a 
25 
8100 (144 X 0.2 + 1024 < 0.8000800 + 49 x 0.8012822 


+384 X 0.7999801 + 84 X 0.7996801 + 224 < 1.6002795) =0.200021. 
For the remainder-term we find by (16) and (19) 


6! 6! 12! 
65 659 ———— 652. 
|R| < 0.052 Ce + gio 7y + 0.0 San 78) < 0.055 


In this case we may be sure that the error can only slightly exceed 
one half unit of the sixth decimal; as a matter of fact, this is also 
correct. 

250. If, finally, we apply (17), we find for the double integral 
the value 0.2, and as a limit to the error, by (19) 


2 1 4! 
Pla acat +575 tH §) < 0.0077. 


The result should, therefore, be stated as 0.20 with an error that 
does not exceed one unit of the second decimal. But comparison 
with the exact value shows that we have, as a matter of fact, ob- 
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tained four correct decimals by the rough method. This example 
may, therefore, be taken as a useful warning against the too often 
employed method: namely, that of judging the value of an ap- 
proximate formula by the results it has produced in isolated numer- 
ical cases, instead of examining the remainder-term. 


APPENDIX 
§21. On Differential Coefficients of Arbitrary Order 


251. The examination of the error involved in an interpolation- 
formula is, in the general case, based on the knowledge of the differ- 
ential coefficient of a certain order. The direct calculation of the 
latter is as a rule possible, but may occasionally lead to tedious 
calculations, even in the case of elementary functions. Although 
the investigation of these questions does not really belong to the 
theory of interpolation, but is a subject of mathematical analysis, 
yet we find it practical to collect here some of the expressions known 
for differential coefficients of arbitrary order, and to call attention 
to the means we possess of calculating or estimating such differ- 
ential coefficients. 

252. We assume that the reader is familiar with the result of 
differentiating one of the elementary functions 


2’, log 2, @, sine, cos % 


nm times; we also assume Leibnitz’ formula for the n differential 
coefficient of the product of two functions w and v 


v=0 


Duy = > (2) YB TEN Daas (1) 


We remind the reader, en passant, of the fact that any formula for 
the n differential coefficient can be generalized by a linear trans- 
formation of the variable, as 


Drf(a + bx) = bf™(a + br). (2) 


253. Every rational function of x may, as is well known, be 
written as a sum of a polynomial and a finite number of terms of 


a ; Soke ; 
the form ————,, where m is a positive integer, while a and b may 


(~ — b) 
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be any constants, real or complex. We may therefore find an ex- 
plicit expression for the n” differential coefficient. The result may 
finally be brought into real form; for our purpose most profitably 
by introducing polar coordinates, as in the example of No. 248. 

In order to apply this method with advantage it is, however, 
necessary that the polynomial in the denominator is, or can easily 
be, resolved into factors. In the case where all the roots are dif- 
ferent, the result is particularly simple. Let us put 


P@) = (@—4a:) @—a@)...@—4,), (3) 


and let F(x) denote a polynomial which is of lower degree than 
P(x). We have then 


F(x) 2 F@) 1 


P@) Paz — a,’ 


(4) 


for if we multiply on both sides by P(x), the right-hand side will 
evidently represent a polynomial which is, at the most, of degree 
p — 1, and which, forz =a, (v = 1,2, . . . p), assumes the values 
Fia,) @ = 1, 2,...p). This polynomial must, therefore, be 
identical with F(x), as the degree of the latter does not exceed 
po =— 1. 

P’ (a,) may either be obtained by differentiation of P(x), being 
thus expressed in terms of the coefficients of the polynomial, or be 
expressed in terms of the roots as 


Pianeta 
z—a, — a, (5) 
=(¢,—Gi). -(,—0,24).(G, 0,44). (ds —a,). 


We now obtain from (4) the desired formula 


nC 8D OSI eh ee 
= Ro \ Bie Beal Gare (x — a," (6) 


254. As an example, we will treat the case where P(x) is of the 
second, F(x) of the first degree. 
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If P(x) has the real and different roots a and b, we find from (6) 


ee Say a+pa  atéb sa 
y Go) (x — b) a—b (xz — qa)nt (a — b)nt 5 (7) 


If the roots are real and equal, we have 


atbr 8 a + Ba 
(e—-a)? x-—a (x—a)” 


consequently 
Raney es 
(x — a)? (e —a)"*? 
If finally—which is the most interesting case—the roots are com- 
plex a + 1b, we find by (6) 


n_a + Bu arnt] et Ba) _ a+ B(a—ib) |. (0) 


(e—ay+e? 2b L(w@—a—ib)* (n9—a fab) 


[8 (@ —a) + (n+ 1) (a+ 68a)]. (8) 


If, in this, we put 
z—at+ib = pe” 
10 


xz—a— id = pe 


p= V Goat be? | 
(10) 


4 OF a 


we obtain the real form 
n a+Bx (a — 
D (e—a)?+b? pri Bb eos (n+1)6+(a+fa) sin (n+1)6]. (11) 
Let us, in particular, put 
a= 1,6 =0,¢= 0,0 = 1; 
remembering that 
eee arctg x 
we find, for n>0, 
(n — 1)! sin (n are cot x) 


DD arcte eee (|) ee (12) 
(1+ 2)? 
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If, on the other hand, we put 
a=08=l1a=0,b=1 


and remember that 


20 
= 2 
iejass D Log (1 + 2), 


. 


we find, for n>0, 
yr 2(n — 1)! cos (n are cot x) 
(1 + 2)? 
We may evidently also express (9) in algebraical-real form, but 
this is not advantageous for our purpose. 


255. We next recall the fact that in any case where we are able 
to expand f(z + h) in powers of h, we obtain at the same time an 


1 
expression for D"f(x), as the coefficient of h* is me D*f(x). This 


D* Log (1 + x®) = (-1 


(13) 


is also so, if the differential coefficients only exist as far as the order 
used in the remainder-term; it is, however, convenient to write 
co as the upper limit of summation, although we do not in reality 
assume that the expansion can be continued indefinitely. 

These remarks lead in certain cases, important practically, to 
simple expressions for D"f(yz), where yz is a function of x. The 
method is as follows. If f(yz4,) can be expanded in powers of h, 


i 
the coefficient of h” is AT D"f(yz), where D acts on x. We now put 
f(Yz+n) oF Sly: “h (Yr+n i. Ys)] 


© | 
= nar ie Gn) York = Us)" 
0 . 


is il n n n 
~ 2 of @.) (AR) hn + AM ett + AM Ant tL. ), 


so that 
(n) (n—l) (n—2) 


lon OL ge 1 n-l n—2 
mee a Comer elt mae SOY.) +... 
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The result may therefore be written 
D'f(y2) = > APM APgG—Y (yz), | 
4 (14) 
(Yer pass Ye)? be hr D Arh. 


256. This formula leads, for instance, to the desired result, if 
yz has one of the following four forms, important in practice 


ax+b 
b 2 

@ ap eae sp Cae. Feuer. 

which we will treat in succession. 

If y. = a+ bx + cx’, we have 


(cal Log (a +4 bx), (15) 


(York — Yr)’ = hr (b+ 2cx + ch)’. 
Expanding the right-hand side by the binomial theorem, we find 


A” = (") e’(b+ 2cxr)"~”, 
so that the result is 


SB, (2) ee 
D"f(yz) = > CO 20) Jey), 
S(Yz) cer ( eas) (16) 
Y2 =at bx + cx’. 


If, in particular, a 


b = 0,¢ = I, we get 


Shy 
DYflat) = buy fea), (17) 
and as a special case of this formula 
De 2 =e p ale); 
Hie) = 3 (ye _ 
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The polynomials H,(x) are usually called Hermite’s polynominals! 
although they were first found by Tchebychef. 
Another application iS~ 


1 1 S8n® 13... (2n—2v—1)  2"-” 
Dp = bl easb ag 
Vion Vina, y! 2° Ce) ae (19) 
from which we obtain, as . 
1 


ies = Darcsin2z, 
= 


the following formula, valid for n >0, 


n—1 


<< 
D*arcsinz = ! SoA) Se (ON Wis Io ee ¢ 
V1—2? v=0 yp! DF (1 grt : 
257. If, next, we put 
_at+ 
en qq’ 
we have 
ery a ch \ (ad — eb)" 
bccn ian (: Te a ) (cx + d)*” 
so that 
‘ ar. ec \"’(ad-— cb)* 
A” = -y("F? )( ) | 
y (Sh) y cx + d/ (cx + d)* 


We therefore obtain the result in the following form 


. ad— p)r nt : dV 
DYW)= on 2 (HD) (Peo—o(e Bea Vp ry, | 


ax+b le 
ced 


1 A table of these polynomials as far as n = 6 is found in N. R. Jorgensen: 
Underségelser over Frequensflader og Korrelation, Copenhagen 1916. 
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In particular, we find forb =c = lla =d = 


bs(2) = SPE 0) o—nrere(2 


whence 


258. If yz = e*t, we have 


oo) A'08 
(Yc+h = ye) = e7(atbz) (ebh = 1)* = er(atbz) > beh, 
s=r S: 
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(22) 


(23) 


where we have first developed (e>* — 1)" in powers of e>* and then 


in powers of h. Therefore 
rorte 


r+y 
(r+ rit 


A® = erlattz) 
Vv 


and finally, for n >0, 


LO 


er(arbe) (y) 
ar S'Yz); 


D"f (Yz) = a 
Ue — errs, 


From this we find, for instance, 


n 2 ao 0” Cus v 
Die) = 2 ee)’ 
in particular 
1 g 720" 
D” = = (-1)’ 
Cz 7 1 (Sa =a 1 v=l ( ) a e7)”’ 


n eu ioe: One 
Te. =e 4S € 


v 


1 =v! 
(=17"" INA 
vy (e—er")” 


D” Log(e? — 1) = = 
v=1 


(24) 


(25) 


(26) 


(27) 


(28) 
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259. Functions of sin x and cosx may be treated by (24). If, 
for instance, we write ._ 


ert ae e-zt . Pa) 
cozy = 1 ———— =4 a : 
e7* — e-* ett — it 
we find by (24), forn >0, 
4 Qj)nt1 2 A’0" 
D* cotz = D*® — te d Pd. Grapes eines 
e227 — | e2zi i ii (1 — Ne 
= 5 (aT : Dn n—vo(y—l)zt 
26 ) aarti 2) 
mM 
If, in this, we put 7 = e?, we get 


n a—v vpn 
Desks ss (—1)"2 A’0 ele—Drt(n—») Bi. 
* tl , 

=1 sin @ 


v 


but as D’cot x is real for real 2, the imaginary part must vanish 
identically so that we finally obtain 


cos] ( —lzx+(n-— >) 3 


DD cota = S —1)"2"-* 70” 29 
5 on ) sin’t ly 2) 
As 
Tv 
cot(2 =| _ = —tgz, 
2 
we find by (29) 
: sin} ( 1) +m 
D"t i) ery tl ytlon—» “yr 
. vel ( ) S cos’ tly (30) 


It should further be noted that, as 


cotr = DLogsinz, tgx = — D Log cosa, 
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we obtain from (29) and (30) the following formulas, valid for 
n>1, 


ce sin] @—D2+ (ny) 4 
D* Logsing = 5 (—1)'2"""'a’0""! ee , (31) 
res Bile 


cos| (»— pat | 


n—1 
D’ Legcose= 2 (-1)" 2" SA =o we (eZ) 
vant COS) 20 


From these two formulas we derive by subtraction general ex- 
pressions for D” Log tg x and D” Log cot x, and from these again 
general expressions for D” cosec x and D” sec x, by noting that 


x ay 
cosec x = D Log tg5 sec x = D Log cot @ — =) 


260. If, finally, we put y. = Log (a + bx), we have 


bh r bh \f 


an b ven 3 b Vi 
wag (4 hi aan s! \a+ bez ie 


consequently 


(r) (2 b =) 
» (r+ yr)! bx 


and therefore, for n >0, 


nn D0” ; 
) BMS We aeerrett 10/0) 


v= 


Y2 = Log (a + 02). 


In particular, we have 


(33) 


n n+p 
D*f(Log x) =— sah (sa —— D’0—f (Log x), (34) 
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whence, for instance, 


Bs D2 : 
Log x Z” ai Log’ x ee) 
As the Logarithmic-integral function is defined by! 
; ads ae ) 
ae one (f, Log t i a Log t/’ 
we have 
serie oe 
~ Log x 
and hence, by (35), forn >1 
Sito py ort) 
D" Li(z) = See (36) 


Ss ay Log”*'z 


261. Instead of deriving (16), (21), +(24) and (83) directly, we 
might, of course, have derived the more special formulas (17), 
(22), (25) and (34) directly, and thereafter have obtained the more 
general formulas by a linear transformation of the variable. 

262. In many cases where a function is defined by a series or 
by a definite integral we may, by differentiation of the series or the 
integral, obtain explicit expressions for the n* differential coefficient 
and limits to this. An important example is the function Log ['(z). 
From the well-known expansion? 


Log I(t) = —Cx — Logz + : [= - Loa(1 a = (37) 
v Vv 
we thus obtain 


D* Log V(x) = (—I"(n — Dl Brera, 


1 Landau: Handbuch der Lehre von der Verteilung der Primzahlen, vol. 
Papeete 

2 See, for instance, Whittaker and Watson: Modern Analysis, third ed., 
p. 236. P 


CCEA (38) 
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Now we have, by §12(29), assuming x>0 and 0<6<1, 


Se ees ie dt 6 4 1 
o(~+tyv)™ 2a 0 (a+t) gn (n — 1)z7-, 
and consequently 


= (n — 2)! tO; 1 
|D Log T(z) | = Be [x + 6(n — 1)] ( een ), (39) 
which is very useful in interpolating in a table of Log I(a). 

It may also be noted, that D” Log I(x), as appears from (388), 
does not change its sign, so that the Error-Test is applicable. 

263. Mathematical analysis has still other mears at its disposal 
for ascertaining limits to the differential coefficients of functions 
of one or more variables, especially the inequalities found by 
Cauchy! which only require that certain general analytical prop- 
erties of the function are known. We could not, however, go 
into this subject without transgressing the scope of this book. 


1 See, for instance, Picard: Traité d’Analyse, vol. II, p. 111 and p. 238- 
240. 
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ture, 154 

Cubatwre, see Mechanical cubature. 
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——— of f(e®* *), 237 

— of f(sin x, cos x), 238-239 
— of f(Log (a + bx)), 239-240 
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Infinite power-series in theta-symbols, 
184-185 


INDEX 
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integration. 
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— third formula, 146, 147, 194-195 
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161- 
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formula 
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—— for the m* difference, 70, 198 
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cient, 64, 197 

Mean Value, Theorem of, 3 
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— definition, 224 

— general formula, 226-227 _ 

— Simpson’s formula for two varia- 
bles, 227, 229 

—— twenty-five-term formula, 227- 
228 

— one-term-formula, 228 

— numerical illustrations, 228-231 

Mechanical Quadrature, 

— definition, 154 

— Cotes’ method, 154 

— general formulas, 157-158, 165— 
166 

— closed type of formulas, 158, 166 
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— Simpson’s formula, 160-161 
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— Weddle’s formula, 168-169 
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214-216, 218-219 
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214 
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of nothing, Central differences 
' of nothing, Differential coeffi- 

cients of nothing. 

Numerical differentiation, 

— definition, 60 

—— first differential coefficient, 61- 
62, 187-189 

— general formula, 62, 64, 65 

Markofi’s formula, 64, 197 

central difference formulas, 66- 
68, 188-189, 197-198 

— second differential coefficient, 
66-68 

— application of Error-Test, 68 

Numerical illustrations, 

—— propagation of errors in differ- 
ence-table, 45-48 

—risk of neglecting remainder- 
term, 34-39, 52-53, 231 

— application of Error-Test, 49- 
50, 115, 136 
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43-44 
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50-51 

—— Everett’s first formula, 44-45, 
48-49 

—— Everett’s second formula, 51 
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formula, 136 

—second formula of Lubbock’s 
type, 152-153 

— second formula of Woolhouse’s 
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— mechanical quadrature, 161-162 
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Numerical illustrations—continued 

mechanical cubature, 228-231 

— numerical integration of dif- 
ferential equations, 172-176 

Numerical integration, see Mechan- 
ical quadrature, Summation- 
formula, Differential equations. 

Nystrém, E. J., 177 

Norlund, N. E., 18, 119, 131, 180 
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Picard, 241 

Pincherle, S., 186 
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Quadrature, see Mechanical quad- 
rature, Summation-formula. 
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generally, 2, 4, 34-39, 52-53, 80, 
114, 231 

—— of various formulas, see these. 
Repeated arguments, 20-21, 33, 84-86 


Repeated integration, 103, 115-118, 
136-138, 198-202 
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118, 136-138, 198-202 
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Rolle’s Theorem, 2-3 
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one variable, 27-28, 31, 40, 41, 

50-51, 64-66, 72, 189 
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Summation, elementary methods, 

factorial, 87 

— polynomial, 87, 124 
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trigonometrical expressions, 89 
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—— generalized inverse factorial, 91 
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177, 190-192, 200-202 
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type, 150-151, 153, 195-196 
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Summation, repeated, see Repeated 
summation. Bia 

Sum-table, 
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98 
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